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SUMMARY 
Because linear elastic fracture analysis has been proved to be 
insufficient in predicting the failure of cracked "bodies, in recent 
years, a number of fracture concepts have been studied -which remain 
applicable even in the presence of large-scale plasticity. Two such 
concepts, the crack-tip opening displacement (COD) for materials with 
significant ductility and Rice's path independent contour integral J, 
are established and demonstrated numerically as acceptable ductile 
initiation fracture criteria in this dissertation. The relationship 
of J with the "COD" concept is also explored in detail using the various 
definitions for "COD" available in literature. 
This work thereby presents a numerical procedure, as accurate as 
possible, to analyze plane problems of ductile fracture under large-
scale yielding conditions, with arbitrary geometrical domains, under 
arbitrary loading conditions, and when the material properties can be 
characterized as elastic-plastic with arbitrary strain hardening. Based 
on a continuously updated Lagrangean incremental theory, a consistent 
finite deformation finite-element analysis procedure is employed to 
account for large geometry changes near the crack-tip (crack-tip blunt-
ing). To account for this geometrical nonlinearity as well as the 
arbitrary strain-hardening behavior, an incremental "tangent modulus" 
method of analysis is considered. The incremental plastic flow has 
been described by a Prager-Ziegler type kinematic hardening law, which 
IX 
is capable of accounting for the Bauschinger effect in unloading 
conditions. The dominant singular behavior for strains and stresses 
corresponding to the well known Hutchinson-Rice-Rosengren solution for 
power-hardening materials is embedded in each of circular-sector shaped 
"embedded-singularity" elements near the crack-tip. Continuity of dis-
placements and tractions between these near-tip elements with "singular" 
field assumptions and the neighboring elements with "regular" field 
assumptions is enforced through a hybrid displacement finite element 
model, which is based essentially on a modified principle of potential 
energy. Also, the uniaxial stress-strain relation of the material is 
considered to be of Ramberg-Osgood type. 
Three fracture test specimens made of Ni-Cr-Mo-V rotor steel and 
A533B steel are solved: (l) three-point bend, (2) center-cracked, and 
(3) compact tension types. The computed results are compared with 
available experimental results for the same specimens. Excellent 
correlation between the directly computed results and available experi-
mental results has been obtained for the functional relationship between 
the J-integral and the displacement 5. This J versus 6 relationship 
provides a criterion, the so-called "JTP fracture criterion", which 
can predict the initiation of crack growth only. 
In order to provide a realistic analysis for fracture, this 
dissertation is also devoted to finite element approaches which attempt 
to describe crack extension. Thus, a rigorous finite-element modeling, 
involving the translation of entire "singular" near-tip elements and 
consideration of global energy balance, is developed. To study the 
X 
global energy release rate G* for crack propagation, the Kfouri et al.T s 
center-cracked problem together with the above compact tension specimen 
are first solved. Then, because the J resistance curve for the compact 
tension specimen using Ni-Cr-Mo-V rotor steel has already been experi-
mentally obtained, crack growth phenomenon in a compact tension specimen 
made of Ni-Cr-Mo-V rotor steel is studied. Due to the lack of an accept-
able fracture criterion associated with stable crack growth, providing a 
complete scheme of stable crack growth based on the present analysis is 
impossible and thus remains for further work. 
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CHAPTER I 
IMRODUCTION 
A fracture criterion which accurately predicts the initiation of 
crack growth or failure of cracked bodies is essential for "both the 
evaluation of structural integrity and the selection of materials. 
Linear elastic fracture mechanics provides a one parameter fracture 
criterion, the so-called Griffith fracture criterion (G ) , only for 
a limited class of problems; those of cracked bodies with small scale 
yielding where the crack-tip plastic region is small compared to the 
crack length. 
However, ductile engineering materials such as metals which are 
of great importance in many structural applications usually are able to 
undergo large-scale yielding. This large-scale yield property limits 
the use and versatility of linear elastic analysis. Thus, motivated 
by this insufficiency, the present research is undertaken to establish 
a fracture criterion which can be applicable in cases of both small and 
large scale plasticity. 
First of all, it is necessary to clearly establish in detail the 
stress and deformation fields near the crack-tip in elastic-plastic 
materials. The structure of the dominant singularity in stresses and 
strains near a crack-tip in plane problems for linear elastic materials 
.v. 
was studied by Williams [lj. He found that the local stress variations 
lumbers in brackets designate references at the end of this 
dissertation. 
2 
are proportional to inverse-square-root of the distance from the 
crack-tip in the vicinity of the "base of the crack. Also, the strain 
field, which has the same variation near the crack-tip, as well as the 
displacement field are obtained. 
Most of the recent works use various nonlinear constitutive 
relations instead of linear stress-strain law under the kinematic 
assumption of infinitesimal deformations. The work of Rice and 
Rosengren [2] predicted^ the application of a path independent integral, 
1 
that the product of the stress and strain has an exact — singularity as 
the crack-tip is approached, i.e. 
R(e) 
O". . e. . ~ ~*—u as r -» 0 
ij iJ r 
where r and 9 are polar coordinates (Figure l). R(9) is a function of 
9 only. Furthermore, Hutchinson [3j^] and Rice and Rosengren [2] used 
a pure power law hardening material to obtain the following stress, 
strain and displacement field distributions near the crack-tip: 
_ _L-
, n+1 /Ax <j. . = k r a. .(6; 
ij a ij 
n 
e.. = k r n + 1 e. .(e) (l.l) 
ij e ij 
1 
n+1 / nx u. = k r u. ( 9J 
i e i 
where n is the power hardening coefficient in the assumed uniaxial 
3 
stress-strain law, which is of the form e ~ a • Ka and Ke will be 
referred to as the amplitude of the singularity. The 0-dependence of 
the above asymptotic fields is determined in [3] from the numerical 
solution of a nonlinear fourth order ordinary differential equation. 
For n = l , equations (l.l) degenerate to the linear-elastic case and 
are in agreement with the inverse-square-root singularities obtained 
by Williams [1], 
The analytical solutions to two dimensional crack problems, even 
for elastic cases, are limited to relatively simple boundary conditions 
and geometrical configurations. In view of the complexity of the 
boundary conditions, numerical procedures are employed to obtain 
approximate results. Among the several approximate numerical methods 
summarized by Rice [5], the finite element method provides the greatest 
versatility: It allows for the analysis of complicated geometries, 
enables treatment of complex problems of combined mechanical and thermal 
loadings, and, importantly, permits the use of "elastic-plastic" elements 
to account for the effects of plasticity, etc. 
A thorough treatment of the principles and applications of 
finite element techniques is given by Zienkiewicz [6] and Martin et al. 
[7]. The continuum, with its infinite degrees of freedom, is replaced 
by a finite number of structural elements of finite size interconnected 
only at their nodal points. (See Figure 21 and Figure 29, etc.) 
Forces between the elements can be transmitted only via these nodal 
points. The value of field variables at the nodes constitute the 
unknowns in the problems. 
k 
Early attempts to solve crack problems "by finite element 
techniques used only conventional elements [8-10]. Since those elements 
did not incorporate the characteristic crack-tip stress singularity, 
very detailed element "breakdown was required in the vicinity of the 
crack-tip. Such analyses with very fine finite element meshes were 
costly and inefficient. 
Several early investigators [11,12] created a special element 
near the crack tip which contained, for elastic analysis, the correct 
William's singularity. However, this element did not satisfy inter-
element displacement continuity conditions, and thus convergence 
properties of such a solution could not "be guaranteed [13]- It would 
be preferable to construct a model in finite element analysis such 
that the crack-tip singularities are embedded in several elements 
surrounding the crack-tip and the interelement displacement continuity 
conditions are still satisfied. The hybrid displacement model used by 
Atluri et al. [1^,15,16] appears to provide these qualities. 
In the hybrid displacement finite element model, [li+,15,16], 
an arbitrary displacement field which includes the correct near-tip 
/r type asymptotic solution for elastic analysis is assumed within an 
element near the crack-tip. One then assumes a boundary displacement 
(compatible with the neighboring elements) which may be interpolated 
in terms of element nodal displacements and a set of Lagrange multiplier 
boundary tractions which are used to enforce interelement displacement 
continuity. Results have shown that elastic crack solutions obtained 
using the hybrid displacement elements require a much smaller number 
of degrees of freedom than conventional elements. 
5 
In contrast to linear elastic fracture mechanics, the application 
of finite element methods in the inelastic range have "been much less 
developed. To account for the nonlinear material "behaviors, the works 
in References [2,3,̂ -] utilize an asymptotic treatment in accordance 
with a deformation theory of plasticity. The use of the deformation 
theory of plasticity, which is undistinguishable from the nonlinear 
theory of elasticity (except for materials which obey a yield condi-
tion), is invalid when applied to situations where significant unloading 
is observed. Such unloading situations will be, for example, encountered 
in the study of the process of crack growth. In such cases, the use of 
the incremental flow theory of plasticity, the so-called Jp-flow theory, 
is imperative in the yield zone. 
Also, in order to obtain accurate predictions of the near-tip 
stress and deformation states, the effect of crack-tip blunting, which 
frequently exists in ductile fracture, must be Investigated. Thus, in 
this work, a finite deformation analysis is employed instead of small 
deformation analysis as In References [2,3̂ -̂] to account for the finite 
changes in geometry near the crack-tip. This calls for an incremental 
finite element analysis to deal with not only material nonllnearity, 
but also geometrical nonlinear!ty. Hence, a "tangent modulus" 
numerical method [17,18] of incremental finite element analysis is 
thought to be most appropriate in such a case. 
The incremental plastic flow is described by a Prager-Ziegler 
type kinematic hardening rule [19,20] to take into account the 
Bauschinger effect. The material is assumed to obey the 
6 
Ku.be r-Mises-Hencky yield criterion, and the uniaxial stress-strain 
curve of the material is considered to "be of Ramberg-Osgood type: 
n 
o S C T y 
where E is Young's modulus, CT is the yield stress, n is the power 
hardening coefficient and B is the plastic modulus. 
One of the major contributions of this research is the construc-
tion and verification of an acceptable one-parameter ductile fracture 
criterion in the presence of large-scale plastic yielding with finite 
deformation assumptions. Given the conditions at which fracture begins 
for a particular case, the same mode of failure for the same material 
in any other case can be predicted by calculating the values of the 
parameter for both cases and comparing to see if failure will occur. 
For elastic materials the stress intensity factor K is used. However, 
for elastic-plastic materials, the stress intensity factor K depends 
on the hardening coefficient n (in the limit of a nonhardening material 
stresses are not singular) and is no longer applicable. Thus, another 
acceptable parameter is required for elastic-plastic materials. 
In the recent years several concepts such as the J-integral, the 
crack-tip opening displacement (COD), the R-curve method, and nonlinear 
energy release rate have been developed which remain applicable even 
in the presence of large scale plasticity. Among those various ductile 
fracture concepts, the J integral introduced by Rice [21], and earlier 
by Eshelby [22], appears most attractive. The advantage of using the 
e = _ -2 E cr < a y 
3 = E + (B" 
o 
7 
J-integral is as follows: 
(1) The J-integral is path-independent (exactly under deformation 
theory,, and approximately under monotonic loading and Jp flow theory) 
and can he calculated on a contour well away from the crack-tip where 
the stresses and strains can he more accurately determined. 
(2) The evaluation of the J-integral is faster and easier than 
calculation of crack tip features, especially for finite element 
techniques. 
(3) The J-integral can he evaluated experimentally, using 
inexpensive, small test specimens. 
The path-independence of the J-integral is valid if the strain 
energy is a single-valued function of the strains, as is the case if 
a total strain theory is used, and as long as the effective stress is 
not decreased. Under the use of a J„-flow theory of plasticity as 
mentioned above the path-independence of the J-integral, even under 
monotonic loading, cannot be established. However, under monotonic 
loading, the use of a total strain theory is justifiable when studying 
stress and stiain fields near a stationary crack, because approximately 
proportional loading occurs. During the loading of a cracked body 
from the initial state to the critical state, the effective stress can 
be expected to increase everywhere in the region. Thus, under monotonic 
loading, approximate path independence of the J-integral may be expected 
even under Jp-flow theory of plasticity. 
When small-scale yielding exists, J (within the framework of 
the deformation theory of plasticity) is related to the elastic intensity 
8 
factor by a simple formula identical to the energy release rate G [21]. 
For large-scale yielding such simple calculations are not possible since 
J depends in a complicated way on geometry, applied loading,, and material 
constitutive law. However, using the present finite element analysis the 
J versus 6 (load point displacement or load-line displacement) relation 
can be first established. Thus, assuming that the critical displacement 
6 at crack-growth initiation is known from experiments, the critical J 
value (JTP) which specifies the critical state of the cracked body can 
then be determined. 
Also, the computed data is analyzed with special attention to the 
relationship of J with the "COD" concept using the various definitions 
for "COD" available in literature [23,2^,25,26]. 
It is noted that the criterion of critical J (JTn) is only a 
criterion for initiation of crack growth without any statement of 
stability or instability of such a crack growth. However, the extents 
of stable crack growth in "plane stress fracture" situations, in thin 
sheets, can be substantial as observed by Broek [27]> Link and Muntz [28], 
and Bergkvist and Anderson [29]- Therefore, a realistic analytical 
framework of fracture must include not only models for initiation of 
crack growth, but also models for subsequent stable crack growth, and 
especially for its terminal loss of stability. Unfortunately, due to 
the lack of an acceptable fracture criterion associated with stable 
crack growth, providing a complete scheme of stable growth based on the 
above procedure is impossible. However, the study of global energy 
release rate G* corresponding to the available experimental J resistance 
9 
curve [30] should "be very helpful in the investigation of stable crack 
growth. Thus, a rigorous finite-element modeling of the study of global 
energy release rate G*, involving the translation of entire "singular" 
near-tip elements and consideration of global energy balance, is also 
included in this work. 
In summary, this dissertation has the following objectives: 
(a) Developing circular sector shaped embedded singularity 
elements near the crack-tip. The correct r dependence of the dominant 
singular solution corresponding to the material nonlinearity, is embedded 
in these near-tip (singular) elements, wheras the 0 variation is approxi-
mated in each sector singular element and solved for in the sense of the 
finite-element method. 
(b) Maintaining continuity of displacements and tractions between 
near-tip singular elements with singular stress/strain assumptions and 
the far field (regular) elements through a hybrid displacement and con-
ventional finite element model. 
(c) Using a J -flow theory of plasticity and arbitrary kinematic 
hardening which will accurately model the Bauschinger effect under fully 
reversed and cyclic loading. 
(d) Using an incremental finite element analysis based on a 
continuously updated Lagrangean approach [31] to deal with the elastic-
plastic, finite deformation, two dimensional mode I (Appendix A) crack 
problem; and establishing the J-6 relations computationally for materials 
with strain hardening under large scale yielding. The "tangent modulus" 
incremental numerical method [17,18] is used for this purpose. 
(e) Developing a more accurate finite element method for incre-
mental analysis of elastic-plastic prohlems. To have a smoother defini-
tion of the yield zone, higher-order elements are used and the stresses 
are evaluated at the Gaussian integration points within the element for 
each load step. Thus, a portion of element can yield, while the rest 
of the element can remain elastic. Thus, a very fine finite element 
mesh around the crack-tip is no longer needed. 
(f) Developing a rigorous finite element model of crack propaga-
tion involving the translation of entire "singular" near-tip elements 
to study the global energy release rate G* thoroughly. 
Using the procedure developed in the Chapters 3j ^ and 5, detailed 
analyses of the conditions for initiation of crack growth were performed 
for test specimens of three-point "bend, center-cracked and compact 
tension types. The materials considered were N.-C -M -V rotor steel 
"^ 1 r o 
and A533B steel respectively. The correlation of the variation of J 
with displacement (§) was noted for all three specimens, using the 
computed results and the experimental results available in literature 
[32,33*3^]' To study the global energy release rate G* for crack 
propagation, the Kfouri et al.'s center-cracked problem [75] together 
with the above compact-tension specimen were first solved. Then, 
because the J resistance curve for the compact tension specimen using 
N.-C -M -V rotor steel has already been experimental^ obtained [30], 
crack growth phenomenon in a compact tension specimen made of this 
rotor steel was studied. Some possible extensions of the work and 
recommendations for further study in this area are given in Chapter 8. 
Also, for clarity, some details of the solution procedure and a flow 
chart of the present finite element crack growth analysis are provided 
in the Appendices. 
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CHAPTER II 
SOME COMMENTS ON FRACTURE CRITERIA 
Conventional design criteria "based on yield or ultimate strengths 
are Inadequate for predicting the behavior of materials vhen there Is the 
likelihood of cracks. Fracture mechanics can supply the methodology 
needed to compensate for the inadequacies of conventional design criteria. 
Several existing valid fracture criteria which can predict the "behavior 
of cracked bodies are discussed in this chapter. The discussion is 
divided into three parts: (l) the Griffith criterion, (2) the critical 
J (Jjr) criterion, and (3) the crack-tip opening displacement (COD) 
criterion. 
Griffith Criterion 
Although fracture mechanics has been developed mainly In the last 
tvo decades, one of the basic equations was established in 1921 by 
Griffith [35]. His principal contribution was an analysis of crack 
stability based on energy equilibrium. Griffith stated that crack growth 
can occur only If the energy released upon crack extension is sufficient 
to provide all the energy that is required for crack growth. If this 
is not the case, then the stress has to be increased. The condition 
for crack growth is: 
da ~ da 
13 
where U is the strain energy, S is the energy required for crack growth, 
and a is the crack length. 
Usually 3U/c)a is replaced "by G which is the so-called "energy 
release rate" or "crack extension force". To a first approximation it 
can "be assumed that dS/da is a constant. This means that G must "be at 
least equal to a certain critical value G (= dS/da) "before crack growth 
j-w 
can occur. Also Gjr can "be related to the "plane strain fracture tough-
ness" (or the critical stress intensity factor) K_ "by a simple formula. 
i.e. 
-=— = G_„ (Plane stress) 
E IC ' 
and 
(i-v2)4c 
G r n (Plane strain) 
E ~ IC 
where E is Young's modulus and v is Poisson's ratio. The subscript "I" 
stands for mode I (Appendix A). 
It should "be noted that the above relations are valid only if 
the material is truely "brittle and BS/^a consists of surface energy 
only. However, for ductile materials, significant plastic deformation 
occurs at the crack-tip. Thus, dS/da includes not only the surface 
energy, "but also a quantity called "plastic work". In other words, 
the G fracture criterion is not applicable for ductile materials. 
Critical j(j ) Criterion 
The well-known path independent J integral of fracture mechanics, 
Ill-
introduced by Eshelby [21] and Rice [22] has played an important role 
in the analysis of crack extension. This line integral has the same 
value for all paths surrounding the crack tip in the two-dimensional 
strain field of an elastic (linear or nonlinear) or deformation-type 
elastic-plastic materials. The J-integral is defined (for small 
deformations) as: 
J = / W dxn - T. — - ds J (2-
1) 
J \ 2 i-fe 
r 
Where x and xp are Cartesian coordinates (x„ "being perpendic-
ular to the crack surface), ds is a differential arc length along any 
contour T "beginning along the "bottom surface of the crack and ending 
along the top surface, W is the strain energy density, T. are components 
of traction on the surface of the interior body cut "by T, and U. are 
displacement components (See Figure 3)-
In the case of an elastic solid, the J-integral can "be inter-
preted as the rate of energy release per unit crack extension [36]. 
This energy release interpretation of J cannot "be applied to the process 
of crack extension in elastic-plastic solids even with a deformation 
theory of plasticity. Rather, under the use of the deformation theory 
of plasticity, the J-integral can he interpreted as "the potential 
energy difference between two identically loaded "bodies having neigh-
boring crack sizes" [32]. That is 
J = - 2L (2.2) 
da ' 
where V is the potential energy and a is the crack length. 
To develop the fracture criterion which can be applicable to 
large-scale yielding problems, called J criterion, Begley and 
JLU 
Landes [32,33] suggested a procedure for calculating the J-integral 
from the experimental load versus representative displacement curves 
of standard fracture toughness test specimens. The load-displacement 
(P versus 6) curves can be easily converted into potential energy -
crack length curves and then into the J-integral - displacement curves 
by using formula (2.2). Given the J versus displacement relationship 
for a given crack size and assuming the critical fracture displacement 
is known, the critical value J can then be determined. However, this 
method required both procurement and analysis of a large quantity of 
experimental load-displacement data which is both time consuming and 
costly. 
In Begley and Landes [32,33].? "the measurement point for J was 
not precisely defined. Later, Landes and Begley [37] suggested a way 
of picking the J measurement point by presenting the experimental J 
data in the form of a resistance curve by plotting J versus the measured 
crack extension Aa (Figure h). By assuming that the initial crack 
stretch zone is approximately l/2 of the crack opening displacement 
(COD), and that COD = (j/xcy) (av is the yield stress, and X is a 
constant which is assumed to be 1 in [37]) > a J value versus stretch 
zone line (j = 2a Aa) is constructed. The intersection point between 
this stretch zone line and the curve fitted to the J versus measured 
crack extension (Aa) point was suggested as a method of defining the J „ 
measurement point (See Figure h). As will be discussed in Chapter 7, 
great discrepancies appear to exist among the various estimates given 
in literature for the constant X ranging from rr/k- to greater than 2. 
More detailed discussions regarding crack-opening displacement (COD) 
are given in the next section. 
Rice et al. [38] in 1972 proposed a simple empirical method for 
measuring J from a single specimen test data for deeply notched "bend 
type test specimens. For this technique a bend type specimen, bend 
bar, or compact tension with a deep crack is loaded to the displace-
ment of interest and J is determined as a function of the displacement 
from the expression 
where A is the area under the load-displacement curve taken at the 
displacement of interest, B is the specimen thickness, and b is the 
length of the uncracked ligament. 
More recently, corrections to this empirical formula to account 
for not only the bending effect, but also for the effect of axial force 
in the case of a compact tension specimen, were derived by Merkle and 
Corten [39]. The empirical formula of Merkle and Corten [39] can be 
stated as, 
j i £ !&) + sQdsL f / z , d 5 T - + ; 5 ? ) ' m*** 
h (1-K*2)2 ' ^ B 
+ &ii&«±r A , z (2>10 
where 
•-[(^•f-(H 
and further, a = crack length, c = half the net ligament width, 
p = applied force, B = specimen thickness, k = elastic stiffness at the 
load point, A = plastic displacement of the applied load due to the 
crack, and b = 2C. The accuracy of formulae (2.3) and (2.k) will also 
be compared and discussed in Chapter J, 
Bucci, et al. [3^] used an approximate procedure for estimating 
the relation between J and the displacement 6. This method extrapolates 
from the small scale yielding range into the fully plastic range using 
Irwin's plasticity adjustments of the elastic predictions together with 
results based on a perfect plasticity analysis. This highly approximate 
procedure is limited to materials of the elastic-perfectly plastic types 
of behavior. 
Goldman and Hutchinson [̂ 0] developed another approximate procedure 
for obtaining J versus 5 relation for materials characterized by a pure 
power hardening relation between stresses and strains in simple tension 
problems. Thus there is the need for solving the more difficult problem 
of computing J-6 relations for elastic-plastic materials with strain 
hardening under large scale yield conditions. 
We note that the theoretical frame work of [32,33^3^37^0] is 
restricted, to problems considering a deformation theory of plasticity. 
For the path independence of J in elastic-plastic problems the materials 
must follow the deformation theory of plasticity. When a J -flow theory 
is used, a general proof of path-independence of the J integral cannot 
be formulated even in the absence of unloading since the strain energy 
is no longer a unique function of strains. However, as was mentioned in 
Chapter I, under monotonic loading, approximate path independence of the 
J-integral can be expected even under J -flow theory of plasticity. 
Since the present research is based on finite deformation 
analysis, the J-integral applicable to infinitesimal deformations as 
introduced by (2.1) needs to be redefined. As shown by Khowles and 
Sternberg [̂ -1], the modified J-integral (for finite deformations) can 
be written as 





'i dx- (2.5) 
where t. are Piola-Lagrange tractions, derived from the unsymmetric 
Piola-Lagrange stress tensor, t... Thus, t. = n.t..', where n. are the 
direction cosines of a unit normal to V in the initial configuration. 
U. are the total displacements, x , Xp are Cartesian coordinates. 
M The unsymmetric Piola-Lagrange stress tensor t.. , measured per 
•x-
unit area in the initial undeformed state C and, in the fixed Cartesian 
o 7 
metric, is related to the symmetric Kirchhoff-Trefftz stress (S. . 1 0 \ ) , 
measured per unit area in C state but in the deformed metric in G.T * o W 
state, and symmetric Euler stress (T-- )j measured per unit area in C 
An elaborate discussion of the loading path is given in Chapter IV. 
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s ta te and in the metric of the fixed Cartesian system, through the 
re la t ions [31] 
cX 
tW = TW ^ aet [J] = S« 
mj ' i j _.J!\r L J mn, 
ax1* 
^ ( o ) 3x-n 
where X. are coordinates of a material point in C.T state, x-
 a r e material 
coordinates in C state and 
o 





Thus, as stated earlier, under a J -flow theory of plasticity, 
the approximate path-independent J integral (for finite deformations) 
can he defined hy 
J = / [(f«, 
r o 
3U 
de . . J dx„ - t. - — &£ 
lj / 2 I ax1 
(2.6) 
•where t. . is the Piola-Lagrange stress at any point and e. . = u. . is 
the total deformation gradient at that point. 
Now, in a given plane crack problem of arbitrary domain, 
arbitrary loading, and arbitrary strain hardening material properties, 
the present finite element numerical computation procedure can be used 
to compute the desired J-<5 relation directly. When the critical J 
J-Vj 
governing the onset of crack growth is determined experimentally, it 
becomes a material parameter. Comparing the J value of interest with 
the material parameter JTr,j the situation can thus he assessed as to 
whether or not the crack in the given case is on the verge of growing. 
For small-scale yielding, Rice [21] has shown that J is equal 
to the energy release rate. This implies that, for small-scale yielding, 
J is related to plane strain fracture toughness K_ (mode I) as 
4 
IC '• ~IC ~ E 
JTP = GTP = -=r (plane stress) 




Since the J-integral approach to elastic-plastic fracture is 
based on a model which allows large-scale yielding, the approach repre-
sents a considerable advance in the important engineering problem of 
characterizing plane strain fracture toughness of materials using 
inexpensive and small fracture test specimens. 
Again, it is emphasized that the criterion J = J is a criterion 
of initiation of crack growth without any statement of stability or 
instability. However, in cases where there is significant stable crack 
growth, i.e., instability occurs when the value J is reached, then it 
is also a fracture criterion. 
Crack-tip Opening Displacement (COD) Criterion 
The COD concept was first proposed by Wells [̂ -2,̂ -3] as a possible 
ductile fracture criterion to deal with crack problems in high tough-
ness materials. If the COD ductile criterion is adopted, then there 
exists a critical (COD) which is to be established as a material 
constant and crack extension or fracture could he assumed to occur as 
soon as the COD exceeds this critical value (COD) . As shown in 
Reference [44], this criterion is equivalent to the G (or IC. ) 
criterion in cases where linear elastic fracture mechanics is applicable 
This generates some confidence in the general validity of this scheme. 
However, one of the drawbacks of the COD criterion is the fact 
that there is a considerable amount of ambiguity regarding the defini-
tion of the COD. Strictly speaking, at the very crack tip the dis-
placement is actually zero, and the COD is therefore a fictitious dis-
placement. Ideas such as defining the position of the COD to be at 
the intercept of the elastic-plastic boundary with the crack profile; 
or defining COB to be the diameter of a circle inscribed in the crack-
surface near the stationary crack-tip have been discussed by Srawley 
et al. [24]. From the theoretical treatments [21,44,45] the relations 
between COD and the energy release rate G (or the J-integral) for mode 
I case can be roughly expressed as: 
G 
COD = 
X(7j "" A ay 
and from (2.7) 
(1-v 2)^ 
COD = — =— (for small-scale yielding approximations) (2.8) 
where <j is the yield stress and A is a constant. K_ is the stress 
intensity factor and the factor (l-v ) c&n he deleted for plane stress 
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situations. 
It is noted that earlier analyses in literature produced a 
varying range of values for \: Calculations by Burdekin and Stone [̂ -6], 
Bilby et al. [Vf], Rice [21] using the Dugdale model and small-scale 
yielding considerations, and the experimental work of Robinson and 
Tetelman [23] show \ „ 1; Wells' [̂ 2] analysis, \ = TT/̂ -; deformation 
plasticity analysis (small deformation theory) by Hutchinson-Rice-
Rosengren [2,3] shows \ = 1.27. The result obtained by Rice and 
Johnson [̂ 5] which considers the finite deformation effects near the 
crack-tip using a rigid-plastic slip line theory (for small-scale 
yielding) yields \ = l.h-Q. Finite element analysis by Hayes and Turner 
[̂ 8] and by Levy et al. [̂ 9] yields \ values of 2 and 2.l4, respectively. 
A direct measurement of COD is certainly difficult and virtually 
impossible in a routine test. It can be obtained indirectly by 
measuring K and using Equation (2.8), or by using some measurable 
displacement data from experiments in conjunction with derived relations. 
Thus, there exist some definitions of COD as related to the measurable 
crack-mouth opening displacements (or clip gage displacement CGD) 
through calibration obtained from experiments on standard test specimens, 
such as by Robinson and Tetelman [23], the British CODA panel [25], 
and by Wells [26]. 
Based on measurement of COD using silicone rubber infiltration 
techniques, Robinson and Tetelman [23] proposed a calibration curve 
between COD and CGD of cracked three-point bend specimens given by: 
Bo + Bi(C0D) + B2(C0D)
2 + B (COD)3 + B^(COD) = 0 (2.9) 
23 
where 
B = 0.03684 (CGD) 
1^ = 3.899 (CGD) -(|±| - 0.03684 
B2 = - 16.3k (CGD) - 3. 
B = 27.24 (CGD) + l6.3^ 
B. = - 27.24 
W is the specimen width, a is the crack length, and z is the 
height of the knife edges above the specimen surface. Equation (2.9) 
can he solved using standard computer programs thereby giving on-load 
COD values directly from measurements of on-load clip gage displacement 
and specimen geometry only. 
A linear relationship between COD and V (CGD) recommended in 
CODA [25] is 
COD = 
0*33U-a) 
0.33v + 0.67a V, M 
(2.10) 
A modification to the above, suggested by Wells [26] is given by: 
COD = 
0.45 (w-a) 
0.^5v + 0.55a 
^ E M 
h-ya w(l-v ) 
y 
2YCT w(l-v ) 




0.45w + 0.55a 
2 • 
YCT w(l-v ) 
V ^ 
VM E 
2YCT v(l-v ) 




where y = 1.5̂ - for the present specimen, a/w = 0.5-
The Equation (2.11) is such that COD varies as TO CGD ) up to 
the point of attainment of significant plasticity* in the net-section 
ligament, and afterwards linearly with V"M(CGD). 
In Chapter VIIj based on these various definitions of COD, an 
attempt vas made to obtain COD from the computed results and to examine 
its correlation with the J-integral. Also, an appropriate suggested 
value of X in Equation (2.8) is given. 
It is worthwhile to discuss the applicability of the COD criterion. 
Robinson and Tetelman [23] recently proposed the use of two initiation 
detection methods to determine critical (COD) for measurements of K ™ 
using "small" specimens. Since the structure falls at the same (COD) , 
Equation (2.8) can he used to determine K^. Since the fracture tough-
ness can "be determined from a (COD) measurement taken on a small 
specimen, the large expensive valid ASTM KTr specimens would not he 
necessary. 
However, since Equation (2.8) is not applicable to materials with 
high toughness, a K cannot he determined. Yet the COD may be used to 
rank high toughness materials in accordance with their fracture resis-
tance. Thus, this concept as well as the J-integral can be used to 
establish a basis for material selection and procurement. 
This appears to be corroborated by theoretical arguments: (a) 
in the linear elastic analysis (or a small-scale yielding approxima-
tion) the CGD is proportional to the load, and then to the stress 
intensity factor K, i.e., CGD = pK, where £ is a constant, (b) in the 
small-scale yielding range, from equation (2.8), COD = Kj(l-v^)/(Xo^E) 




As a first step in the computation procedure, it is important 
to clarify the elastic-plastic behavior of cracked structures under 
unloading situations when one studies the mechanism of crack propaga-
tion. Under the use of the J incremental flow theory, as known earlier, 
unique relations do not exist in general between stress and strain 
components. Therefore, for an elastic-plastic finite element analysis, 
the stress-strain relations which have been familiar to us in the theory 
of elasticity must be replaced by relations between increments of stress 
and strain in developing theories of plasticity. That is, 
^ = E i j k t d V ( 3 a ) 
where da.. and de.. are the incremental stresses and incremental total 
ij ij 
strains respectively. E. is the current constitutive property, as 
modified by plasticity. Moreover, during an infinitesimal increment 
of stress, changes of strain are assumed to be divided into elastic 
and plastic parts, thus, 
de.. = de. . -f- d e? . 
ij ij ij 
Hooke's law gives 
dCTij = E i j « < l ( 3 - 2 ) 
where E. ... „ i s the well-known constant e l a s t i c i t y compliance tensor, 
i j k £ 
In matrix notat ion, (3.1) and (3.2) can "be rewrit ten as: 
and 
{da} = [ E f [de] 
fdCT} = [E] fd e
e ] 



















To describe the plastic behavior of a material correctly, one 
must choose: (l) an initial yield criterion, (2) a flow rule, and 
(3) a hardening rule. Yamada et al. [50] and Miyamoto et al. [51] 
derived the matrix [E] based on the Hencky-Mises-Huber yield 
criterion and Drucker's normality flow rule [52,53]. However, Yamada 
et al.'s approach was restricted to the problem made of isotropically 
hardening material. Miyamoto et al. dealt with kinematically hardening 
material, as proposed by Prager [19] and then modified by Ziegler [20], 
and carried out plane stress analysis only. 
Now, the derivation of [E] in this current research can be 
briefly stated as follows: 
(l) The Hencky-Mises-Huber yield, criterion, which describes a 
smooth surface in stress space and be represented by a simple mathemati-
cal function, is still chosen as the initial yield condition. That is 
fKj> -l-lfh - °l = 0 > 
ij ij 3 kk ij 
where a. ., a , <j! . are the stress tensor, yield stress and deviatoric 
stress respectively. With consideration limited to plane stress situa-
tions (o~ =o~ =cr = 0 ) , the Hencky-Mises-Huber function is repre-
Z ŷ 2J .X-ZP 
s e n t e d a s 
. v 2 2 2 2 
ACT- • J : = a + a ~ C T c r + 3 T - a = 0 w i j y u x u y u x y J , x y u y 
However, for a plane strain case (viz e = Y = Y = °J 
Zi _KZ j z» 
a = v(o~ + a )) a different Huber-Mises-Hencky yield criteria obtained, 
z x y 
say, 
2 2 2 2 2 
f(a. . ) = a + a + cr -acr - cr o - a a + 3 T - <J = 0 IJ' x y z x y uxuz yuz xy y 
(2) The flow rule, which is based on Drucker's postulate for 
work-hardening materials, is a constitutive relation between increments 
p 
of plastic strain de.. on the one hand and stress and stress increments 
on the other [53]- The Drucker's normality flow rule, represented in 
tensor form, is written here as 
p of (a- M$ot. .) 
&<?.. = d \ ^ ^ (3.3) 
where f(<j. .^o1. .) r e p r e s e n t s the loading func t ion , used t o determine 
subsequent y i e l d i n g from some p l a s t i c s t a t e ; Q/. . i s a measure of the 
^ - < J 
degree of work hardening. The positive scalar quantity dA. can "be deter-
p 
mined by the assumption that the vector cde. ., shown in Figure 6, is the 
-LJ 
projection of da. . on the exterior normal to the loading surface at the 
ij 
instantaneous stress state. Thus, we have 
(da.. - cde
P.) - ^ - = 0 
^ da.. 
1 da ij 
U'^-g—sr- (3-4) 
3 < J ^ S a k i 
The parameter c corresponds to the slope of the uniaxial stress a.. 
p 
versus plastic strain e.. in tension (or compression). 
(3) As to the hardening rule, there are mainly two versions in 
use. The isotropic hardening rule, given by Hill and Hodge [52,5^-], 
assumes that during plastic flow the loading surface expands uniformly 
about the origin in stress space, maintaining the same shape, center 
location, and orientation as the yield surface. Figure 5 illustrates, 
on the basis of a simplification to a two dimensional plot, the yield 
and loading surfaces when stress state shifts from point 1 to point 2. 
Unloading and subsequent reloading in the reverse direction result in 
yielding at the stress state represented by point 3. The path 2-3 will 
be elastic, and 0-2 is equal to 0.3. os and On a r e the principal 
stresses. 
Another rule, so-called kinematic hardening rule [19,20], assumes 
that during plastic deformation the loading surface translates as a 
rigid body in stress space, maintaining the size, shape, and orienta-
tion of the yield surface. As a consequence of assuming a rigid transla-
tion of the loading surface, kinematic hardening rule predicts an ideal 
Bauschinger effect [55*56,57] f o r completely reversed loading conditions; 
i.e., the magnitude of the increase of yield stress in one direction 
results in a decrease of yield stress of the same magnitude in the 
reverse direction. However, as shown in Figure 5* isotropic hardening 
rule provides that the material will exhibit an increase in the com-
pressive yield stress equal to the increase in the tensile yield stress. 
Thus, this theory does not account for the Bauschinger effect exhibited 
by most structural materials. Furthermore, since the plastic deforma-
tion is actually an anisotropic process, the isotropic hardening theory 
is rejected in this research. 
A similar pictorial illustration of kinematic hardening rule is 
provided in Figure 5- Denoting the translation of the center of the 
yield surface by a. ., we may represent the loading function in the form 
-'-J 
f(cr. .-ex. .); the subsequent yield condition is given as 
-L J -L J 
fKj - »„) = 0 . (3.5) 
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The increment of translation of the loading surface do\ .» as 
ij 
given by Ziegler [20]. is computed at each loading step and summed to 
determine the total translation Q>. . • It is assumed that do\ . is directed 
ij iJ 
along the radius vector connecting the center of the loading surface to 
the instantaneous stress state in stress space (Figure 6). Thus, 
da. . = d|j,((j. . - a. .) (3.6) 
The scalar djj, can be determined by the condition that the stress 
state must remain on the translated loading surface during plastic 
deformation. For infinitesimal increments, this condition can be 
represented as 
(a^ - « V *t, = ° (3-7) 
Substituting Equation (3«6) into Equation (3»7)> w e have 
af 
^0" da mn 
mn 
d(j, = 
l^v; " »vJ 
and 
k£ "kr dCT 
df 
(CT, ,-CV,- J T T — d0"v„ 
!J !>] OCT-, » -K-U 
*"« = 7 ^ ~ ^8> 
x.cr - a ) r 
mn mn d<j 
mn 






c do\ . 
i j 
_£L d So °mn mn 
csf df 
(3.9) 
Next, d e 6 . = d e . . - d e
P . . Through Equat ions ( 3 - 2 ) , (3-5) and ( 3 - 9 ) , 
-̂  J -*- J -*- J 
after some manipulations, the relation "between the incremental stresses 
do.. and incremental total strains de.. can be easily obtained. For 
ij ij 
purpose of brevity and completion, both the end results of plane stress 
and plane strain cases are quoted as follows: 
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*Tvr ** ** 
Whenever the initial stresses cr. .• the total translation or. ., 
ij' iJ 
and df/da. . are given on the state C , and the incremental stresses da. . 
J- J J.M X J 
from state C.T -» C_TI_ are known, then da. . from state C__ -* £._,_ can "be N N+l IJ N N+l 
evaluated "by (3.8). This follows that a. .^
W+1^ = <*..' + da. . and [E*1] 
-LJ -LJ -"-J 
can he ohtained. It is to "be noted that all the state variables, such 
as stresses, strains, displacements and the total yield surface trans-




FORMULATION OP FINITE ELEMENT MODELS 
FOR ELASTIC -PLASTIC, FINITE DEFORMATION PROBLEMS 
In the present chapter, finite element models for a nonlinear 
cracked prohlem with geometrical and material nonlinearity are to he 
formulated. The deformation of the cracked "body is characterized by 
the features that not only its displacements are finite, hut also its 
strains are no longer small, and the material "behavior is elastic-plastic. 
The first section is devoted to the formulation of an incremental 
theory by combining the Eulerian and Lagrangean approaches. A detailed 
survey of this continuously updated incremental theory which provides 
a basis for the formulation of the finite element method is also pre-
sented in detail. 
In the second and third sections, the variational formulation 
of the finite element method is created with emphasis on the modifica-
tion of the conventional variational principle. Since the most 
commonly used compatible displacement' finite element model in each 
element cannot represent the asymptotic singular behaviors in the 
vicinity of the crack-tip, an alternative finite element formulation 
is needed. In such a formulation, one should be able to incorporate 
the exact asymptotic form of solution for singular stresses and strains 
in elements near the crack-tip and maintain the inter-element continuity 
of displacements and tractions between the near field elements with 
singular "basis and the far field regular elements. One such 
formulation used in this work is the hybrid displacement finite element 
model. However, in the far field region, the compatihle displacement 
finite element model is still employed for sake of simplicity. 
In the fourth section, several general incremental numerical 
methods which have "been developed in dealing with nonlinear problems 
using finite element method are discussed. For the present finite 
deformation investigations, the so-called "tangent modulus method" 
is found to "be most appropriate. 
Lastly, the calculation procedure limited to the stationary 
crack case is summarized in the last section of this chapter. 
A Continuously Updated Lagrangean Incremental Theory 
Assuming the loading path of the nonlinear cracked prohlem can 
he divided into a number of equilibrium states 
C Q, c^ c2 .... c^ .... 
where C is the initial undeformed state, while C is an arbitrary 
intermediate state. It is assumed that all the state variables, such 
as stresses, strains, displacements and the total yield surface trans-
lations, together with the loading history, are known up to the C 
state. The interest is then to formulate an updated Lagrangean incre-
mental theory for determining all the state variables in the current 
state, say G state, under an assumption that the C _ state is 
incrementally close to the C state and all the governing equations may 
he linearized with respect to the incremental quantities. In this 
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theory, all the state variables are defined with respect to the 
reference state, say C,- state. 
Let the position vectors of an arbitrary material point of 
the structure in the C , C and C states be denoted by IT , R 
and R ' respectively. x.,X. and X. ' are the corresponding 
i' l i -1-
different Cartesian coordinate variables, thus 
Rv ' = x.e. 
.~ l i 
H(N) = X(K) »_ = ( x + u ) t 
1' 1 
H(»l) =X(BH) A = ( 3 c(M+D + i U i ) 
where e. are the base vectors of the rectangular Cartesian coordinates, 
while U. are the total displacement component from C^ to C__. AU. denote 
l 0 N l 
the incremental displacement components from C to C . Let the true 
JM INTI 
(Eulerian) s « r i e stress tensor to C^ *e T « , measured per ralt 
area in C and in the metric of the fixed Cartesian system. The new 
stress in C__,_, due to the additional incremental loading, will be 
JMTI 
represented by the Kirchhoff-Trefftz stress tensor S.:'./ (, which is 
,(H+1) 
'i. 
measured per unit area in C but in the deformed-metric in C _. Thus 
s^) = TW + As.. (k.i) 
where the Truesdell stress increment AS. . can be determined by the 
ij 
elastic-plastic constitutive law (3.10) and (3.11), using the appropri-
ate notations, say 
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ASij = EiJM A s « (4'2) 
Here, Ag-. - denotes the total incremental Green strain tensor from C 
state to C state> with reference to the metric in C . It is defined 
as 
A^i^j + ^ ^ V ^ ()+-3) 
where a comma "," denotes a covariant differentiation with respect to 
coordinates X. . Since AU. is assumed small for each load increment. 
i i 
Ag. . can he linearized as follows: 
ij 
^ i J - ^ i ^ t ^ J + AU.̂ ) 
We denote the "body forces by f. ', and the surface tractions on 
S "by T. in the C_T state. It is noted here that T. are defined per 
unit area and F. are defined per unit volume of the CLT state. On the i ^ N 
-M other hand, we define the "body forces F: ' + &F. and the surface 
tractions T. ' + A T. on S in the C_T - state, where it is also under-l i (j JM+1 
stood that all these quantities are defined per unit.volume and per unit 
area of the C state. Thus, the principle of virtual work then states, 
f 
V 
[ ( T ^ + AS±J)6AgiJ - (^
N) + AFi)6AUi]dV 
- / 
( T p + AT1)5AU. dS = 0 (k.k) 
SCT 
where 
AU. = AU. on Su 
and where a "bar " - " denotes a prescrihed quantity. AS. . and Ag. . 
are given "by Equations (̂ -.2) and (̂ -.3). In Equation {h-.h), the volume 
v, and the surfaces S and S refer to the known reference state C_T, 
and a "<5" denotes variations. 6AU. vanishes on S . Equation (̂f-.̂-) 
can be written as 
fv




^/ J_ <J J~ Ĵ J_ J_ „y J_ X 
V S a 
Since AS. . , AS- • and T- • a r e symmetric, u s ing Equat ion (k.2)9 t h e ahove 
equa t ion can he rea r ranged as 
fv\k
 Eijkt A8ij ^ l + I T i? AUk,iAUk,j ' ^AUjdV - ^ Af.AU.ds} 
a 
= 6 { / ( - r g ^ j + fW AUi)dv + / S(K) ^ dS } (4,5) 
V S 
a 
If it is assumed that the known "initial" stress state (j\ .', 
ij 
E.' , T. ) In C__ is in equilibrium, then the right hand side of 
Equation (̂ .5) can he shown to he identically equal to zero. However, 
in general, because of the numerical computation errors and the inherent 
approximations involved in piecewise-linear-incremental process, state 
C will not be In true equilibrium. In such cases, the right hand side 
of Equation (̂ -.5) is retained to provide the so-called "equilibrium 
check" [18,31]. Thus, we can formulate the functional ATT> the vanishing 
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of the first variation of which yields Equation (̂ -.5). Thus, 
An = f\~ E^.Ag. .Ag. . + i T ^ W .ATI . - AF.AU. 1 dV J y 2 ijk£ ij k£ 2 IJ k,i k,j I ij 
v 
- /* AT.AU.dS - e (k.6) 




e = f ( - r ( l J ) Ae. . + F W A U . ) a V + / " i « fflj. dS . m 7 i j i j i i y y i i 
v s 
a 
Next, by the use of divergence theorem [58], the first and second term 
of (̂ .5) can be divided into four and two terms respectively. Those 
are 
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AS. . .6AU.dV 
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6 f k T- • AIL .AIL, . dV J 2 ' i j k , i k , j 
V 
= / vSK, j M U k dS - / ^Sj^Vj),!6^^ ^ 8 ) 
s V 
a 
where n. is the direction cosine of the surface S normal. Substitute 
1 CT 
(4.7) and (4.8) into (4.5), assuming the right hand side of (4.5) 
vanishes, SATT = 0 yields the incremental equilibrium equations and 
surface traction conditions: 
A S«,J + C(ASia + Tij))4Uk,jJ,i + Afk = ° (4-9) 
and 
ATn = n.AS. . + [AS. . + T.v]AUn . n. on S . (4.10) 
k j kj L ij ij J k,j 1 a 
How, certain simplifications can "be made, in order to facilitate the 
a"bove developments for numerical calculations. One can assume that the 
incremental displacement AU. and the incremental Truesdell stress AS. . 
1 ij 
are of order 0(e). whereas the initial stresses T.. are of order 0(l). 
/ 7 ij 
Thus, Equations (4.9) and (4.10) can "be simplified as 
^i,j+ ( T S ) A u k,j ) , i + *\ = ° • ^xi> 
AT, = n.AS. . + T:3^ AU, . n. on S (4.12) 
k j kj ij k,j 1 a 
and the last two terms of Equation (4.7) can "be neglected. Likewise, 
Equations (4.3) and (4.2) "become 
kl 
Ag, . = ^ (AU. . + AU ) + 0(e2) ~Ae (̂ .13) 
and 
AS. . ~ E " L Ae, , . (̂ .l̂ ) 
IJ ljk-t k£ ' 
From Equations (̂ -.11) to (k.lk), it is clear that the incremental func-
tional {h-,6) reaches the form 
ATT = / J \ E"?... , Ae.. „Ae. . + \ T ^ A U . .AU. . - AF.AU.l dV 
./ L 2 ijk£ k£ ij 2 ij k,i k,j l ij 
V 
/ AT.AU.dS - e (̂ .15) 
I I m v ' S 
a 
where AU. = AU. on S . 
1 1 U 
Finite Element Models 
In a continuum, two most commonly used variational principles 
are: (a) Principle of minimum potential energy, which can he derived 
directly from the principle of virtual work and for which the only 
field variables, the displacements, must he continuous within the 
domain. (h) Principle of minimum complementary energy for which the 
only field variables, the stresses, must he in equilibrium. Based on 
the application of those variational principles, two broad finite ele-
ment categories have been defined. The first, based on the principle 
of minimum potential energy, approximates the displacement field. This 
is termed the displacement method and satisfies the displacement com-
patibility between adjacent elements alone. The second approach stems 
from the principle of minimum complementary energy and an assumed stress 
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field. It satisfies only the equilibrium requirement. 
In the finite element method as applied to solid mechanics, the 
solid continuum is considered as an assemblage of nonoverlapping sub-
domains V (finite elements) which have piecewlse smooth inter-element 
m ̂  
boundaries. The solution procedure is first to seek an approximate 
solution within each element and to characterize the behavior of the 
element by a finite number of unknown parameters. A suitable procedure 
Is then employed to combine the relations for the Individual elements 
into a system of equations to be used to solve these parameters. 
The elaborate illustrations in this dissertation are restricted 
to the displacement method. In this respect, two various displacement 
models will be demonstrated in the following portions. 
(l) Compatible Displacement Finite Element Model 
The principle of minimum potential energy may be stated as the 
vanishing of the variation of the total potential energy functional An 
(from C_T state to C state) expressed by Equation (4.15). When a N yi+1 
solid is divided into a finite number of discrete elements Am, the 
potential energy functional (4.15) ̂ ay "be written as (for two-dimensional 
case): 
1 „t 
^ ~ z[fA [ 2
 E i j k ^ e k ^ e i j + 2 ' i j "~k,i""k,j - i " ~ i j k T ^ A T I .AU7 . - AF.AU.~ldA 
m m 
- / 
AT.AU.dS - e 
l i m 
G 
m 
Where Am is the area of the mth element (m = 1,2,...) in the C state 
and S is the portion of the "boundary of the mth element over which 
m 
the surface tractions AT. are prescribed. Again, Ae. . is written in 
terms of the derivatives of the displacement AU. ^Y (4.13) and the dis-
placement functions AU. should satisfy the continuity conditions not 
only within the element "but also across the interelement "boundaries. 
The Euler equations and boundary conditions corresponding to 6ATT = 0, 
uu 
assuming e = 0 , are obviously the equilibrium conditions given by 
Equations (4.11) and (4.12). 
In the finite element formulation the incremental displacement 
functions AU. are represented approximately over each element, say the 
mth element, by shape functions (See Chapter V) and undetermined 
incremental displacements at a finite number of nodal points of this 
element. The shape functions must be such that when the displacements 
at the nodes along the interelement boundary of two neighboring elements 
are compatible, the displacements along the corresponding interelement 
boundaries are also compatible. In matrix form the assumed displace-
ments may be expressed as 
[AU.} = [D] [Aq] (4.16) 
Where [D] is a matrix of shape functions and [Aq] is a column matrix 
of element incremental nodal displacements. Now, the corresponding 
strain displacement relation is 
[Ae..} = [B] [Aq] (4.17) 
[D] and [B] are provided in Chapter V. 
Substituting Equations (k.l6) and (k-.lj) into Air^ and neglecting 
the "body forces terms, we obtain 
ATCD = E f LAqjCCK
15] + [K*]){Aq] - LAqJflfj - LAqj([^} + {C*}) (k.ld) 
m 
In t h i s expression 
m 
L JJ [ ] = transpose of f } and [ ] respect ively 
[K8] = / [B]T [E]* [B] <3A 
•'Am 
[K*] = f ( ^ f [ T ^ ] ^ ] + [W2f [T
(H)][W2])dA 
Am 
[*f } = /" [Df [AT] dS 
^ S 
°m 
[F^J = y [D]T {T} dS 
S 
CTm 
[C*] = / [ B f fT<*>} ^ 
Am 
Here, the matrix [W ] and [Wp] are defined such that 
& \ i 
( A U 1 ) 2 | ^ ^ { A q } 
^ 
and 
| = [w2] [AqJ 
(2) Hybrid Displacement Finite Element Model 
In formulating a compatible model difficulties may often occur 
in constructing the continuous displacement functions within the 
element as well as at the interelement boundary. Thus, for simplicity 
in finite element analysis, one must seek a modified variational 
principle in which the above interelement continuity requirement need not 
be satisfied a priori but will be enforced posteriori through the varia-
tional principle. Here, the model has been termed "hybrid" due to the 
fact that a different field variable, AU. , is assumed at the inter-
iP 
element boundary in addition to the interior displacements AU. which 
are assumed in Am [59j6o], 
The basis of the hybrid displacement model and its use in linear 
fracture mechanics have been discussed in detail in [1̂ -, 15 ]• For 
clarity, compared, to the compatible model, the advantage of the hybrid 
displacement model in dealing with crack problems can be summarized as: 
(a) The correct type of displacement singularities can be 
included in the singular elements around the crack-tip. 
(b) The inter-element compatibility conditions are still satis-
fied. 
(c) The correct type of boundary displacement distributions 
can be assumed for the singular elements around the crack tip. 
(d) Stress distribution conditions at crack boundary can be 
satisfied easily. 
Wow, by introducing a Lagrange multipliers T. , the approach in 
[1^,15jl6] is modified for the incremental formulation of the elastic-
plastic problem based on finite deformation assumption, using the con-
tinuously updated Lagrangean approach presented in section 1. The 
Lagrange multipliers T. can be recognized as the interelement boundary 
!P 
tractions but are independent for the two neighboring elements. The 
incremental energy functional (̂ .15) becomes 
A T W A U . ^ A U . ;T. ) = y i /" T^E*. 
BT> 1* lp ip7 t-')J [ 2 IJ ,Ae. pAe. . + \ T^VAII .AU . jk£ k£ ij 2 2 j k, 1 k,j 
m Am 
- AF.AU. IdA - / T. (AU. - AU. )dS 
1 ij J ip
v 1 ip7 
SAm 
/
AT.AU. dS - e*f (̂ .19) 




= A - T ^ A U . . + F « A U . ) d A + f T « A U . dS 
Am S 
om 
where AU. denotes the independently assumed increments of element 
boundary displacements which are inherently compatible from C state to 
C state. All other notations are defined the same as before. 
The first variation of the functional ATTTrn for the three 
J±U 
7̂ 
independent unknown variables, AU., AU. and T. , yields the following 
7 i7 ip ip' * b 
equation 
6ATT-_(AU.;AU. ; T. ) = v | / [-(E"̂  pAe7 p) HTr I' ip' ip' )J ijkt k£', 
m Am. 
- (TI^AU. .) . - AF. - T ^ . - F.]5AU.dA 
kj i,j ,k I IJ,J iJ i 
+ / «EWe^ + T S ) ) n J 
dAm 
+ 7\ . AU. .Ik - T. ]6AU.dS 
k j i , j ^ i p J i 
/
(AU. - AU. )6 T. dS + / T . 6AU. dS 
i i p x i p / i p i p 
oAm dAm 
- /" Tf)6AU idS - f AT.6AU.pdsj 
S ^S 
am am 
Where n. are the direction cosines of the outward boundary surface 
j 
normal. It is noted that arbitrary 6AU. are admissible on dAm, how-
ip 
ever, 6AU. = 0 on S , where S is the portion of dAm over which the 7 ip u ' u 
r m m 
displacement is prescribed. From calculus of variations, the Euler 
equation and natural boundary condition corresponding to SÂ u-n = 0 
lead to: 
( E W W , J + (4>i,Ak
 + A f i + ^±L+ F I H ) 3 = ° - ** ^- 2 ° ) 
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(E1._ ,Ae, p + T^)n. + T ^ A U . . n = T. at dAm (4.21) 
ijk£ k£ IJ j kj i,j k ip y 
AU. = AU. at dAm (4.22) 
1 ip 
and 
T11' + AT. = T. at S (4.23) 
1 1 ip CT 
^ m 
In the Equations (4.20) and (4.21) the partial differentiation is 
made with respect to the Cartesian coordinate, X. . Equation (4.20) 
(N+l) 
refers to the equilibrium of the total Kirchhoff-Trefftz stress S. ./ ( 
in C state. If state C was in true equilibrium, the last two 
JYTI JM 
bracketed terms In Equation (4.20) would be equal to zero. However, 
as mentioned before, the state C may not be truly equilibrated and the 
last two terms in Equation (4.20) leads to the "equilibrium check". 
Equation (4.21) states that the tractions derived from the assumed 
incremental Interior displacement match the independently assumed boundary 
tractions T. in C,TI1 state. Equation (4.22) Is the statement of ip K4-1 
interelement displacement compatibility that is enforced in the varia-
tional principle * the te» / T, „(AU, „ - AU,) or Ration (^.19). 
Ip* ip 1 
dA 
m The fact that the Lagrange multiplier tractions T. are equal to the 
ip 
-(N) 
prescribed tractions T. + AT. at S in C__ ., state is displayed by 
1 1 a N+l 
m 
Equation (4.23). In. other words, Equation (4.23) would force T. to 
.ip 
be equal to the applied boundary tractions on S . Thus, for crack 
m 
problems, since T. are independently assumed, the stress distribution 
condition on the crack surface can be easily satisfied. 
k-9 
Next, making the finite element approximations, the incremental 
interior displacement is assumed as (in matrix form) 
fAU.} = (AIT?} + [AU™} = [U]{3s] + [URJ{3R] in Am (k.2k) 
where [U^ are the interpolation functions which do not contain any 
rigid body modes and have only straining mode in displacements, [U ] are 
the interpolation functionsNwhich contain, only rigid body modes; j3 and 
3^ are unknown independent parameters. The corresponding linearized 
JA 
incremental total strains Ae. . are 
i j 
f A e 1 J J = | f A U . ^ + 4 U j ) i } = [Ws]{es} (4.25) 
Note that the term corresponding to {3R} disappeared because i t is pure 
rigid body modes and does not produce any strain terms. Similarly, the 
element boundary displacement AU. and the element boundary tractions 
r 
T. are assumed as 
1 P 
[AU. } - [L] [Aq] at d Am (k.26) 
and 
[T ) = [Rjfc] at a Am (k.2j) 
2P 
Again, a are unknown independent parameters and &q are the increments 
of nodal displacements for each load step. The functions [R] are 
arbitrary whereas [L] are functions at dAm that uniquely interpolate 
for AU. at dAm in terms of the relevant Aq. [U], [UR]> [L] and [R] 
will "be discussed more elaborately in the next chapter. 
Then, when Equations (4.24) to (4.27) are substituted into 
Equation (4.19), "the Equation for fan can be written as follows 
JUJ 
^m = E ( I LPSJ[H](3S] + i L3sJ[Cg]{0s) - L3SJ{F1] 
m 
" L«J[P][3S} + Laj[G]fAq} - LAqjfF,,} + L3sJ{CeJ 
-LP 8 J{F 3 }-LP B J^}+iL9 H J [cf ] fP B 3 
+ L3BJ[cf ][&} - L3RJfpf} - L«JCP
KB]{3HJ 
- L3Rj(Ff] - U H J p f } ) (^-28) 
In this expression 
[H] = / [wfLEl^WjdA 
Am 
[P] = / [RfCU]dS 
dAm 
[G] = f [Rf[L]dS 
SAm 




[ C e } = / [wffT^IdA 
Am 
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f V - § [Ilf{Af\]dA 
Am 
f V = / CLffAT.jdS 
C7 
m 
[ F 3 ] = / ^ ^ 
M }dA 
Am 




Am X / 
[cf] =/ (ofj(TW)Liifj + f « f } ( T « ) L wf jW 
Am V / 
f I f ? = / [U f̂AP̂ dA 
Am 
*?)*/ rvMH)) dA 
Am 
£<»]=/ [u /^ lds 
CTm 
w h e r e 
A U 1 1 1 ( AU2 1 
< 2 A U2,2 
< 2 = L"iJfes} ; $fzx = Lw|jCBs] 
and 
AU^2 = Lwf j{9R] ; A U ^ = Lwf J(3R} 
Now, cons ider some of t h e terms which correspond t o the r i g i d 
"body modes, say, 
- [e R H*f3 " Laj[P™]fPR} - L8R j{lf] - L0RJf*f 1 
Since hody fo rces a re no t going t o "be cons idered in t he p r e s e n t work, 
[F.. } , [~Fo}> l^T3 a n ^ P ^ o J "would he ze ro . \oi] [P ] {0 } can he repre-
sented a l t e r n a t i v e l y a s 
L « j P " B B ] » H } = / A I T f T i p d S = y A u f ^ . n . dS 
dAm dAm 
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where <j. . are the pseudo s t resses . Using the Green's theorem [58]j 
one has 
f AU^o- 3 . n . dS = f AU™. 0"S. dA + f AU™ CT
S - - dA 
dAm yAm Am 
The f i r s t term in the ahove expression i s vanished "because AUV are 
S rigid, hody displacement. The expression <j. . . o f the second term i s 
ijjj 
the equation of equilibrium for the stresses derived from two dimen-
sional (Airy) stress functions (see the last section of Chapter V), 
R-
•pt) 
which are inherently satisfied. Thus the term (_Q/J [P ] {3 } is 
vanished. Similarly, the term [_ 3 J [F]7j can he set to zero. Now the 
equation (k-,28) can he written as 
^ H D = S ( ! L3SJ[H]{PS3 + \ LesjLcg][es] - L«jl?3fpa] 
m 
+ Lffj[G]{Aq] - LAqjfF23 + LPsJfCe] 
- LS s J f^ ] + \ L3 R j [ c f ] fpH ] 
+ L3R j [cf ]fPs3 
In the ahove expression, the unknown parameters Ley J, j_3 J and 
|_3 j are independent for each of the elements whereas the parameter 
LAqj (the incremental nodal displacements) i s common to the en t i re 
system of elements. Now Â -u-n i s minimized with respect to independent 
^ 
parameters \pi }9 [$ j and |_pRj to obtain 
- [ P ] f 3 J + [0][Aq] = 0 
s 
[H]{3S3 + [c ]{a } - p>f fo} + {c }.- {iy + [cf f{eR} = o 
[ c f ]{%,} + [ c f ]{Pa3 = o 
Thus, the parameters [p }, {3-n} and [o'} can he expressed in terms of 
incremental nodal displacement [AQ] as follows: 
fes] = P']"
1CG]fAq] 
fPE3 = - [ c ™ ] "
1 ^ I P ] " 1 ^ ] ^ } (^.29) 
M = P]"T([H] + [Cg] - [cfftC^l^Ccf])[P]
_1[G]{Aq) 
+ [P]"T{Ce] - [P]"
T[F4] 
Therefore 
L^j [P] f3J - L<*j[GJ{Aq] (^.30) 
s 
Substituting back f0 ], fg„] and Equation (h.30) into &n , the 
S K JID 
ATL_ can be expressed in terms of fAq] only, very similar to the form 
xiL) 
of (^.18), that is 
A 7 T HD = E t L ^ j ( M + [ K g ] W ] - LAqjfAQ] - LAqj{AQc3 (^31) 
where 
[K] = ([P]"1[G])T[H]([P]-1[G]) 
[Kg] = ( [P]
_ 1 [G]) T ( [C g ] - P f f [ C ™ ]
_ T [ c f ] ) ( [ P ] - X [ G ] ) 
[AQ] = [F23 
[AQC] = ([P]"
1[G])T(fF43 - {ce}) 
Also, comhining Equations (4 .24) , (4.25) and (^*29), the incre-
mental i n t e r i o r displacements and incremental t o t a l s t r a ins can he 
at ta ined in terms of the incremental nodal displacements {A^}* That 
i s 
fAU±} = [UlCPf^GlfAq} - [UpJCC^l^Ccf][P]
_ 1[G]{Aq} (4.32) 
Ue±.} = [W]f3s] = [ W ] ! ? ] -
1 ^ ] ^ ] (4.33) 
Thus, as a r e s u l t , Equation (4.2) can he expressed in an appropriate 
matrix form: 
fAS..} = [ E f f i ^ I = [EfcWlPfV^Aq] (k.3h) 
Comhination of Compatihle Displacement and Hybrid 
Displacement Finite Element Model 
In fracture mechanics, in general, one can visualize the domain 
of the crack prohlem to he divided into two regions, (a) a small region 
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near the crack-tip where the singular, near field solution is 
predominant, and ("b) a region away from the crack tip where no 
singularity exists. In the present finite element analysis, the 
compatible displacement and hybrid displacement finite element model 
are employed to study those two regions respectively. 
In region (a), with the element shape defined, the dominant 
singular "behaviour for strains and stresses near the crack-tip for 
strain-hardening materials, of the now well known Hutchinson-Rice-
Rosengren type [2,3,^+], ̂ s embedded in each of these near crack-tip 
"singular" elements. Continuity of displacements and tractions "between 
these "singular" elements and the neighboring "regular" elements was 
enforced through a hybrid displacement finite element model, as was dis-
cussed earlier. In region (b), however, because of the simplicity and 
less cost for computer usage, a compatible displacement finite element 
model is Introduced. 
Thus, combining Equations (V.l8) and (̂ -.3l)> the total energy 
functional for the whole domain of the crack problem ATT is 
ATT = ATTTTT, (for region (a)) + ATTCJ) (for region (b)) 
P 
= E ( i LAqj([K] + [ K g ] ) j > } - LMjfAQ} - LAqJ{AQc}) 
m=l 
M 




p = the total number of singular elements 
M = the total number of elements in the whole domain 
{AQR} = flf] 
and 
i^i = p?} + fc!i 
All other notations have "been defined in the last two subsections. Now 
"by expressing the element incremental nodal displacement {Aq} in terms 
•x-
of independent generalized global incremental displacements {Aq } of 
the structure considered, the expression for &TT "becomes 
An = \ LAq*j([K*] + [Kj){Aq*} - LAq*j{AQ*} - LAq*j{AQ*} (^.35) 
Next, by using the stationary condition of &TT in (̂ -.35) with respect to 
•%• 
{Aq } leads to the following incremental equations for the cracked 
structures: 
([K*] + [ K j ) f A q ^ l = [AQ*] + [AQJ ( M 6 ) 
& N 
* N+l r '* 
where [Aq },, denotes the va lues of {Aq } from C s t a t e t o C s t a t e , 
•* •# # -x-
[K J, [Kg ], [AQ } and [AQC] are the global matrices which are obtained 
•X- -X" 
by assembling the corresponding element matrices. ([K ] + [Kg]) i s ̂ he 
updated tangent stiffness matrix from C_T state to CL-.., state which 
N Iv-fl 
includes the effect of prior plastic yielding and finite geometry changes, 
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[AQ } is the incremental load vector, and {AQp,} corresponds to the 
nodal force imbalance terms to check the equilibrium of C state. It 
•x-
is to be noted that {AQ^} are initially taken as zero and at the end 
of iteration for each load increment it finally converges to zero. 
Incremental Numerical Methods 
In dealing with nonlinear problems, involving plasticity, and 
using the finite element method, there are three general incremental 
methods which have been developed. These are (a) the initial strain 
method; (b) the initial stress method; and (c) the tangent modulus method. 
"The initial strain method" [6l] treats the plastic strains at 
each Incremental load step as Initial strains for the next load step. 
In this method, plasticity effects are taken Into account as pseudo 
loads, and the elastic stiffness matrix is used throughout the entire 
loading process. The advantage of this method is that for small deforma-
tion problems the governing stiffness matrix need be built and inverted 
only once. We note that the initial strain method fails to converg for 
perfect plasticity or for a very small degree of work hardening because 
the total strain increments are only the plastic components in these 
cases [62]. 
An alternative approach formulated to overcome such difficulty 
is "the initial stress method" (or residual force method) [63,6^]. This 
method appears to be suitable for general plastic behavior because it 
relies on the fact that a unique stress exists for an increment of 
strain. Using the method, we treat the elastic-plastic problem first 
as an elastic problem. Because of the nonlinearIty, the stress 
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increment will not generally "be the correct stress increment necessary 
to equilibrate. Therefore, at every stage, we determine the difference 
"between the true stress levels corresponding to the appropriate strains 
and that corresponding to the elastic solution. The difference is used 
as an initial (corrective) stress, and a correction load vector is 
calculated. If the difference is below a certain limit, the process 
is stopped. 
The tangent modulus method [17,18] is based on the incremental 
stress-strain laws of plasticity. In this method, plasticity effects 
are accounted for in the stiffness matrix, which is updated at each 
load step. For each load increment, corresponding to a new stiffness 
matrix, the problem in the flow theory of elastic-plastic analysis is 
the same as the elastostatic prohlem. Thus, the numerical solution 
of this problem consists of a series of solutions each of which is 
equivalent to a solution of an elastostatic prohlem. 
For finite deformation prohlems, the stiffness matrix has to 
be updated to account for changes of geometry. So in finite deforma-
tion elastic-plastic problem, tangent modulus method Is most appropriate. 
As mentioned in section 2, an "equilibrium check" is considered 
in the present work. Thus, together with tangent modulus numerical 
method, the equilibrium check is employed at any point in the present 
incremental solution process, with an updated stiffness matrix even In 
iteration stage, to reduce any cumulative error in nodal point equilib-
rium. It is the fact that the equilibrium check can prevent the computed 
load-displacement behavior from straying from the true equilibrium path. 
6o 
Calculation Procedure 
In the first increment of the present elastic-plastic incremental 
solution procedure, setting an unit applied load (p = 1 lb.) and a power 
hardening coefficient (n = l), an initial linear elastic computation can 
he first carried out. In this linear elastic case, as was mentioned 
earlier, [AQ^} (Equation (̂ .36)) is taken as zero and the application 
of iteration process is not necessary. At this stage, a numerical 
integration procedure Involving singularity is required to construct 
the element stiffness matrix [K] (See Appendix C). 
In the second increment of the solution procedure, the load chosen 
Is that which permits a specific material point (adjacent to the crack-
tip) to he on the point of yielding. Since the yield zone can he 
specifically small, the whole structure is still assumed approximately 
in pure elastic state. Thus, the constant elasticity compliance tensor 
[E] (Equation (3.2)) is taken and the results are stored on magnetic 
tape for the next increment to determine the field values of interest. 
Now, for the state after the second increment, say C state, the 
applied loadings are divided into finite increments and the Important 
plasticity effect should he included. Once the stress point has reached 
yielding in the structure, the updated elastic-plastic constitutive law 
(Equation (3.1)) instead of Equation (3.2) is used to determine Truesdell 
stress increments &S. .. Then, one can construct the updated tangent 
stiffness ( [K ] + [K ]) and form the final algehraic equation (̂ -.36), 
based on the regular Gaussian Integration (Appendix C) and the results 
available in the previous state. As long as the Incremental nodal 
N 
displacements {A^} a^e computed "by solving the algehraic linear 
simultaneous equations represented "by Equation (̂ .36) (See Appendix C), 
[E] , (AS. •} an(^ A^. • c a n 1°e determined directly through Equations 
J-J -J-J 
(3.10), (3.11) and (^.33). Again, these results are stored on magnetic 
tape for subsequent processing. One can then calculate the "equilibrium 
check" due to non-equilibrium and see if it is small. Once the equilib-
rium check is not small, the current equilibrium check is reloaded as 
new applied load for next iteration and the new updated tangent stiff-
ness is reconstructed. Meanwhile, the convergent property of the 
equilibrium check needs to be carefully studied during iteration. The 
iteration procedure is thus repeated until the equilibrium check 
converges to a very small quantity. The true (Euler) stress T- • are 
finally computed and treated as initial stresses in C . 
For the next load step, now, C state will be the new reference 
state. Thus, if the iteration procedure is again satisfactorily 
achieved, the true (Euler) stresses in C (T.. ) need to be computed 
and treated as initial stresses in C . As a result, one needs to 
convert the Kirchhoff-Trefftz stresses S±. /3t (Equation (̂ .1)) to 
the Euler stresses T-• by the following relations: 
-'-J 
(N+l) .X(N+1) 
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For two dimensional problems, since ^U. is small for each incre 
ment, the above equation can be written in a more explicit form; 
(l+Ae i : L) ' 
(N+l) 
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The solution then continues "by progressively increasing the 
applied loads and determining an elastic-plastic solution at each 
increment. Some more detailed descriptions, such as crack propagation 
procedure and the so-called "knee correction", are provided in Chapter 
VI and Appendix C respectively. 
6k 
CHAPTER V 
ELEMENT DESIGN AND ASSUMED INTERPOLATION FUNCTIONS 
In the preceding chapter the "basic formulations of "both a 
compatible displacement model and a hybrid displacement finite element 
model used to analyze the elastic-plastic finite deformation crack 
problems were presented. This chapter is denoted to the detailed 
description of all the field functions and interpolation functions for 
both regular as well as singular elements. The "basic element design 
and the related calculation quantities such as the necessary transforma-
tion laws are also presented. 
Regular Elements 
(l) Element Design 
In two-dimensional analyses the simplest element shapes are 
obviously a triangle and a rectangle which are defined by three or four 
nodes respectively. However, due to the limitation of a straight 
boundary for the element, both of these elements present the simplest 
possible forms of approximation and are of limited accuracy. 
Thus, the basic shape of the regular element chosen here is a 
quadrilateral, the sides of which can be distorted in a prescribed 
parabolic shape with one additional node involved in each side (Figure 
10). Consequently, there are four corner nodes and four midside nodes 
for each element. The curved shape of the element is described as the 
isoparametric quadrilateral [65]. 
(2) Isoparametric Trailsformations 
The term "isoparametric" here means that the transformations can 
"be employed to use the same interpolation functions to define the element 
shape as to define incremental displacements within the element. Those 
transformations enable one to transform a general quadrilateral element 
whose four corners have the physical, Cartesian coordinates 
(x.,y.,i = 1, ...,̂ 4-) and whose "boundary lines are general quadratic 
curves into a square element whose nondimensional coordinates § and 7] 
are such that -1 <. § ̂  1 and -1 ^ T) ̂  1 [65]. The transformation pro-
cedures are necessary for the determination of the element matrices by 
numerical integration with respect to the nondimensional coordinates § 
and T). 
For an eight-node quadrilateral element, the coordinate trans-
formation from the isoparametric system to the physical system follows 




y = £ ^(§,7]) y ± 
i=l 
where (x,y) is the global Cartesian coordinate and (x.,y.) is the 
coordinate of node i. N.(§jT)) are called the shape functions and are 
defined as (Figure 10): 
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Corner nodes : 
^ (§ ,71 ) = ^ ( 1 + § § ^ ( 1 + 7]7).. )(§§.. + T)71i - 1) 
Midside nodes wi th §. = 0: 
^ ( § , 7 ] ) = | ( 1 - § 2 ) ( 1 + 7%) 
Mi ds ide nodes w i th 7]. = 0; 
^ (§ ,71 ) = | ( 1 - T ) 2 ) ( l + §§±) 
Wow, to define the interior incremental displacements, one also 
assumes that the same shape functions W.(§,T))(i = 1,2, ...,8) can "be 
again employed. Thus, 
Au (§,71) = £ N,(S,71) Aqp. -iV3,,/ "^2i-l 
i=l 
Au (§,71) = £ ^(§,7)) Aq2; 
y 
i=l 
where Aq. represents the nodal values of incremental displacement com-




0^3=] J - [D] [Aq] 
Au 
y 
in this expression 
and 
LAqj = LAq-^ Aq2, ..., Aq^, Aql6J 
[D] = 
1^, 0, W2, 0, ..., Ng, 0 
0, Nx, 0, N2, ..., 0, ^ 
2 x 16 
Using the present compatible finite element procedures, in order 
to obtain the strains (and therefore stresses) and evaluate the element 
matrices, one needs the derivatives of the shape functions, and the 
transformation laws between (x!j , Xp ) and (§,T|) which are given as 
follows: 
( i ) Derivatives of the shape functions 
Corner nodes: -i 
Ni,S = t § i ( l + ^V^^i + V̂ 
N 
1 . ^ = ¥ l 1 . ( 1 + § ? . ) ( f § . + 2 ^ . ) 
Midside nodes w i th E. — 0: 
N, - = " 5 ( 1 + 7]T),) 
i j s 2 
^ f l V 1 - ? 2 ) 
Midside nodes wi th T]i = 0 : 
H l j ? = | 5 l d - n
2 ) 
\n = - K1 + 55t) 
(ii) The differentiations with respect to X^ ' and XA ' can he 
changed to those with respect to § and T], in matrix notation 


























ax. 00 ^ ) 
I 37] 371 J 
(iii) Integration with respect to dX_[ and dXp can similarly 
be changed to integration with respect to dT] and d§, with a simplifi-
cation of the limits of integration, which now are simply from -1 to +1. 
For area element 
c0t« * r « " ' dX£"' = det [J] d§ dT] 
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^iK f^] 2 
*T| 
. ) • ( : ST] 
d§ on dT] = 0 
df] on d.§ = 0 
Lastly, after some manipulation, the following interpolation 
functions ([B] in equation (̂ .17)) can be obtained. 
Ae 
xx 
{Ae±.} = A£;yy = [B] {Aq} 
AY. 
xy 
(Equation (̂ .17)) 
and 
[B] = o (JaA,?^!,^ 




(l) Element Design 
As discussed in the preceding chapter, one needs to assume in 
each singular element around the crack tip (a) the element interior 
TO 
displacement field AU.; (b) the element "boundary displacement field 
AU. ; and (c) the equilibrated element boundary traction field T. . 
Here, the singular element is chosen as a six-noded sector of a circle 
centered at the crack tip, as shewn in Figure 11. Further, cp is the 
global angular coordinate and 0 is the local angular coordinate with 
respect to the element's symmetric axis, and r is the distance from 
the crack tip. 
(2) Assumed Element Interior Displacement 
The element interior displacement which contains pure rigid body 
modes can be readily assumed as follows: 
AU = 3 C0S9 + 3 sincp 





Thus, [UR] i n Equation (k-,2h) i s determined. 
Likewise , t h e r e g u l a r and s i n g u l a r p a r t s of element i n t e r i o r 
d isplacement f i e l d corresponding t o pure s t r a i n modes a r e assumed t o be 
1 1 
AUr = 0 r + 23 2 r6 + 3 r 0
2 + 3 r 2 + 3 ^ 0 + 3 1 0 coscpr
n + 1 + 311
coscprn"KL0 
1 1 1 1 
Q n+lQ2 . n+1 . Q . n+l_ , n . n+1 2 
+ 3 pCoscpr 0 + 3-1o
s l n cP r + p_» smepr 0 + 3 smepr 9 
AU = j32r + 3 ^ 0 + p^ r6
2 + 3 Q r
2 + 0 r2 i 
1 1 
n+1 rt . n+lA ) smcpr - 3 smcpr G 
1 1 1 1 
n+1 2 n+l , Q n+1 L Q n+1 ? 
- p pSincpr 9 + 3 „coscpr + 3 , coscpr 6 + 3ls
coscpr 0 
It can he readily seen that the displacements are free from rigid hody 
motion and the singular part of the displacement fields when considered 
in Cartesian components, varies quadradically in 6. n is the power 
hardening coefficient. 





















[Ws] fPs3 (Equation (^.25)) 
here [3 J = [_3-i J3O> • • • *3n c J* [̂  ] caXL "then he evaluated directly. It 
should he noted that the proper Hutchinson-Rice-Rosengren type strain 
singularity in r(r ' ) has "been embedded in the singular part of 
displacement field. 
Thus a total of 18 functions are assumed for the element Interior 
displacement field, out of which three are rigid hody modes and the other 
fifteen produce strains. 
(3) Assumed Element Boundary Displacement 
As discussed in the previous chapter,, the element boundary 
displacements [AU. } should he the same at common boundaries of 
neighhoring elements and should he interpolated in terms of nodal 
displacements on the common "boundaries. 
The proper r type displacement is now "built into the boundary 
displacements along the element boundaries AB and AC. However, the 
2 
type AU. = a + b9 + C6 is assumed along BC (See Figure 11). 
Along AB, AC: 
1 
AU. = a + hr n + 1 + cr 
ip 
Along BC: 
AU. = a + he + c0 
ip 
where coefficients a, b and c are to he determined from the three nodal 
displacements along the respective segment of the "boundary. For instance, 
consider the x component of 9 these coefficients a, h and c can be 
expressed as (in matrix notation) 
















Where r1> rp and r~ are the distances measured from the crack-tip to 
each nodal point considered on KB. Thus, the interpolation functions 
[L] in Equation (4.26) can he obtained. 
(4) Assumed Boundary Tractions 
The independently assumed Lagrangean multipliers tractions [T. }, 
mathematically speaking, can he assumed in any convenient form. 
However, the relevant natural boundary conditions (4.21) dictate that 
the boundary tractions generated from the assumed incremental element 
interior displacements [AU.) must match the assumed "boundary tractions 
[T. ] at the interelement "boundaries. These assumed incremental dis-
placement fields {AU.}J in addition to satisfying Equation (4.21), must 
also satisfy the equilibrium equations (4.20) through the variational 
principle. Thus, a better approximation is assured if the assumed {T. } 
are generated from an equilibrated stress field. 
For two dimensional analysis, in the absence of body forces, such 
a stress field can be derived from an assumed Airy stress function §. 
The relationships between the stresses and the Airy stress function are 
given as follows (in polar coordinates) 
1 M . JL £l 
°TT ~ r ar + 2 ? 
r £9 
b2§ 
o- = 4- M _ i £
2, 
r9 " 2 dcp r drdcp 
7^ 
where -— = — . Since T. = a. .n., n. are the direction cosines of 
by S9 ip IJ r j 
a normal to the "boundary, the proper singularity for the assumed 
traction (T. J is a r type. It follows that the assumed Airy 
stress function § contains r^1 terms along with regular polynomial 
terms. Another necessary condition in the proper choice of the Airy 
stress function $ is that the matrix [P] in Equation (̂ -.29) 
/ 
[R] T [U] dS 
dA m 
c* 
(where [AU } = [U]{$ } and {T. ] = [R] {Q>}) should he square and non-
s ip 
singular, and hence, can he inverted. Therefore, the total number of 
Q/'S is forced to equal to 3 Ts. Consequently, the assumed Airy stress 
function is given below: 
P P P P ? "3 "3 "R "3 ? "3 9 
= anr + a n r 9 + a 0 r 9 + crj.r 9 + Q^I"
3 + ctcr § + Q%r°9 + cvQr°9
J 
2n+l 2n+l 
^ , ^ . ^n2 , ^ 3 n+1 ^ n+1 
+ o^r + ^ 1 0
r 9 + OijjJ' 9 + oi-^r 9 + a-^1* + a - ^ r 
2n+l 
n+1 0 
+ * 1 5 r 92 
[R] i s now w e l l def ined . 
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CHAPTER VI 
STABILITY OF CRACK GROWTH 
Stable crack growth is an apparently common phenomenon in 
fracture processes'. In fact, plane strain fracture in thick specimens 
under small-scale yielding conditions, which is preceded by unnoticeable 
stable crack growth, seems to belong to a special case. But in thin 
sheet materials under plane stress fracture situations, much more 
extensive stable growth usually occurs. Thus, a realistic analysis 
of fracture must include not only models for initiation of crack growth, 
but also models for subsequent stable crack growth and, especially, for 
its terminal loss of stability. 
The studies summarized In Chapter II provide a useful background 
for description of the problem of a stationary crack subjected to 
monotonically increasing load. But if cracks extend In a stable quasi-
static fashion and the path-dependent nature of plastic stress-strain 
relations cause a very different deformation field at a moving crack-
tip (versus a stationary crack-tip), there is no similar background 
that has yet been acquired. The aim of this chapter is thus to devise 
a rigorous finite element model which can be extended for the descrip-
tion of stably growing cracks. 
In this chapter, a simple macroscopic model of the fracture 
process and some comments on existing analyses of stable crack growth 
are first provided. Then, a general energy balance for crack extension 
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in a form valid even for the incremental theory of plasticity is 
presented. The global energy release rate G together with the so-called 
"crack separation energy rate" G [7^,75*76,77] are thoroughly studied. 
Lastly, a rigorous finite-element modeling of the study of global 
•x-
energy release rate G , based on an available experimental J-Aa curve, 
is described in detail. The necessary introduction of hereditary 
properties in a propagating crack problem where unloading occurs in the 
plastic region behind the advancing crack-tip has also been discussed 
as well as the inclusion of routines for relaxation of cohesive crack-
tip nodal forces. 
Study of Stable Crack Growth 
Typically, cracks do not abruptly begin to propagate in elastic-
plastic solids. Instead it is usual that the initiation of crack 
extension is followed by stable growth under a continuous increase of 
the applied load, or at least of the load point displacement. Ultimately, 
the required increase for continuing stable crack growth falls to zero, 
and unstable propagation ensues. 
The complete situation of crack initiation, stable crack growth, 
and quasi-static propagation can be shown schematically as in Figure 12 
where load is represented as a function of the current crack length 
for a typical case of ductile crack propagation. 
In the figure a is the current crack length, a being the initial 
crack length, and p is the external load. The case of a stationary 
crack with initial crack length a is represented by region I where p 
(point A in Figure) is the load for initiation of crack growth. The 
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region of stable crack growth, where an infinitesimally small increase 
of the external load causes only a corresponding small increase of the 
crack length, is represented "by region II in the figure where a. is the 
crack length at instability (point B in Figure). After a transition 
phase, region III in Figure 12, a limiting steady-state situation, 
is approached as indicated "by region TV. The heavy lines are charac-
teristics for the onset of growth and instability respectively. Thus, 
as was pointed out in Chapter II, the J criterion is no more than a 
ductile criterion for defining point A in the above Figure. 
Experimental summaries for the existence of stable crack growth 
have been given by Broek [27] for crack growth in thin aluminum sheets 
and by Link and Muntz [28] for bending test specimens in medium-strength 
steels. An experimental study of the detailed flow of material and 
energy round a stably growing crack-tip which would be of Interest for 
evaluation of the fracture tests on a small-scale was made by Bergkvist 
and Anderson [29]. Although interesting details of the flow were 
revealed, Bergkvist and Anderson concluded that it is very difficult 
to interpret the results In terms of a fracture criterion. The 
phenomenon of stable crack growth has been studied theoretically, only 
in the case of the anti-plane shear mode (Mode III), where the flow 
equations for an ideally-plastic material may be solved by means of 
numerical integration under the assumption of a critical mean strain 
ahead of the crack-tip as a simple fracture criterion. These methods 
has been devised by McClintock et al. [72,73]. For the other two modes 
(Mode I and Mode II), however, a very little amount of work has been 
done. Although Anderson [78,79] â d Kfouri and Miller [7^75] have 
presented finite element methods to analyze groving cracks, the results 
do not yet seem sufficiently refined to serve as a "basis for under-
standing the crack-tip stress field in any detail and there is still 
much to he learned. 
Energy Balance for Crack Extension 
A simple fracture characterizing parameter which accurately 
corresponds to the realistic fracture phenomenon, without a detailed 
description of crack-tip processes, is highly desirable. Since stable 
crack growth is considered to be a continuous process, one's first 
inclination in devising such an approach might he to generate an energy 
balance, in a manner suitable to crack growth in an elastic-plastic 
continuum. This energy balance can be briefly stated as: crack exten-
sion can occur as soon as the energy release due to crack growth equals 
to the energy which is consumed in the production of a new zone of 
plastically deformed material at the tip of the advanced crack. 
A general energy balance for fracture, under the assumptions of 
small deformations, was presented by Rice [76] in a form valid for any 
continuous body sustaining a crack. The energy balance takes the 
familiar form: 
G - P = 2y 
where G is the energy release rate, P the plastic work rate estimated 
from continuum considerations, and the surface energy term y is inter-
preted as the work per unit area required to create new surface. 
Rice [76] suggested that is is not necessary to separately 
assess G and p during crack extension and to write explicit formulae 
for G and P, as the fracture criterion requires only that their dif-
ference G-P he known. Thus, an examination with particular attention 
to the role of surface energy term y was given. As a result, it was 
shown that if stresses vary continuously during crack extension every-
where in the crack hody except at the crack-tip, an elastic-perfectly 
plastic material (non-work hardening) carrying hounded stresses results 
in G =p for all levels of applied load, so that crack extension involves 
no energy surplus and fracture cannot occur. For a perfectly elastic 
material, certainly, the platic work rate P is equal to zero (no 
plastic dissipation). Therefore, Rice [76] confirmed that as one passes 
through varying degrees of hardening "behavior from the perfect elasticity 
to the perfect plasticity limiting cases, the difference G-P passes from 
G to zero. 
The quantitative studies of the surface energy term y, based on 
the simplest finite element approach, were made "by Kfouri et al. [7^75]. 
It will- he convenient for purposes of clarity to introduce the term 
"crack separation energy rate" G (=2y) as adopted "by Kfouri et al. 
[7^*75]. In the sense of finite-element method, G is defined as the 
energy release per unit crack area "based on a finite crack growth 
increment Aa, calculated as the work of quasi-statically unloading the 
finite-element adjacent to the crack, of size Aa, while constant stress 
is maintained on the specimen [7^]- Thus, suppose a crack is allowed 
to extend "by an amount Aa and that the work ahsorhed is Aw, then G will 
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Aw be defined as -r— . Aa 
The finite element procedure devised by Kfouri and Miller 
[7̂ \?75] "to obtain an estimate of G is as follows: 
(1) Prom an initial solution for the given loads and con-
straints, the equivalent nodal reaction R. at the crack 
tip node A is obtained. 
(2) The constraint on the vertical displacement, 6Aj of the 
crack-tip node A is relaxed and relaxation is performed 
by negative force increments at the crack-tip node AR until 
the original crack-tip nodal force R. is completely released. 
Thus, a free crack surface is extended, but not opened, to 
the next node. 
(3) The nodal force R. is removed and the corresponding vertical 
displacement §. for each increment determined. As a result, 
the value of G is twice the area under the RA-6A curve 
divided by the distance between adjacent nodes (Aa). 
Thus, to evaluate the value of G , it is very necessary to 
determine the nodal force at the crack-tip (R*) accurately. However, 
since the distributions of the nodal force in the uncracked ligament 
(and therefore the extrapolated nodal force at the crack-tip) are 
inherently geometry dependent (see Figure ^7 and Figure 51) j another 
characterizing parameter which is not determined solely by the deforma-
tion field at the crack tip is required at least when the present hybrid 
displacement finite-element model is employed. To this end, the global 
energy release rate G , which is essentially equal to G , is introduced 
in this work. Further discussions about G will "be provided in the 
next chapter. 
The purpose of the following work is to re-examine the energy 
balance. To obtain the global energy changes after initiation of crack 
growth, a solution for the plane cracked-body problem with changing 
internal boundary (subcritical crack growth) and changing elasic-plastic 
boundary coupled with an elastic-plastic strain hardening assumption 
is needed. Now, consider an arbitrarily shaped plane solid of unit 
thickness having a. straight, through-the-thickness crack of length a 
(Figure 13)* and consider an instant of time at which slow stable crack 
extension is taking place. Let U represent the work performed by the 
applied forces in reaching the current deformed state, and U = U + U 
the strain energy of the deformation, where U is the elastic portion, 
and U is the plastic part of the total strain energy U. Applying the 
first law of thermodynamics, the global energy balance required in the 
fracture process can be written in the form: 
where Q is the heat rate, E the internal energy, K the kinetic energy, 
r the fracture surface energy, and the dot denotes differentiation with 
respect to time t. Since the process is assumed to be slow and adiabatic, 
Q = K = 0 and E = U = U + U . As a result, the above relation becomes: 
e p ' 
a(u - u - u ) # 
- * P -G = 1 ^ 
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Note that —r = — ~r • -~— is the material surface energy density which 
o't oa ot oa 
is assumed to "be an experimentally determined quantity at the given 
temperature. The left side of Equation (6.1) may "be interpreted as the 
net energy available to generate new crack surfaces and it retains this 
identity regardless of the extent of stable crack growth. 
Until the point of the onset of crack growth, under monotonic 
loading, a deformation theory of plasticity can "be considered valid. 
The deformation theory is essentially equivalent to nonlinear theory 
of elasticity. Hence under the deformation theory of plasticity, 
without the presence of any unloading, one can formally observe the 
equivalence of U + U (sum of elastic and plastic energies) to a 
e p 
hypothetical nonlinear elastic strain energy U . Thus, under the use 
of deformation theory one can write 
— ru - u - u i = — ru - u i 
da L f e pJ da Luf eJ 
But (U - U ) for a nonlinear elastic body is nothing but the 
L̂  X 
total potential energy of the system. Recalling the equivalence of 
J to - 7- (equation 2.2), one can then write, 
| [ U f - U e - U p ] = - f = J (6.2) 
up to the point of onset of initial crack growth (i.e. the point A 
in Figure 12). Thus, when stable crack growth does not occur, and a 
deformation theory of plasticity is a valid approximation, the critical 
value of J as an initiation criterion is physically equivalent to a 
critical value of G . However, as was emphasized in Chapter II, under 
the use of the deformation theory of plasticity, the J-integral Is 
interpreted as "the potential energy difference "between two identically 
loaded "bodies having neighboring crack size" [32] and no actual new 
crack surface created. Consequently, the numerical proof of the 
equivalence of G to J in Equation (6.2) loses its meaning. When 
stable crack growth occurs with attendant unloading near the crack-tip, 
and the use of an Incremental flow theory Is imperative, Equation (6.2) 
is no longer valid. 
It is significant that since Equation (6.1) is based only on a 
global energy balance, it is apparently not restricted to fracture 
mechanics theories based on a deformation theory. Thus, as long as the 
7\T 
surface energy density -r— for each crack growth size is experimentally 
determined, the energy balance (Equation (6.1)) can be served as a valid 
fracture criterion for an extending crack in an arbitrary hardening 
elastic-plastic material. To the author's best knowledge, however, 
those experimental values of •?— were never recorded and hence providing 
a complete scheme of stable crack growth for ductile materials based 
on the present development is impossible. It can be stated that the 
formulation of an acceptable fracture criterion associated with stable 
crack growth Is still an open subject. Due to limitation of time, the 
scope in this dissertation was limited to the understanding of the 
•x-
properties of G for an extending crack. 
Study of Crack Growth Process 
It is desirable to provide a procedure for evaluating the global 
8̂  
energy release rate G for the crack growth process. To assure the 
analyses of crack growth phenomenon, an experimental J resistance curve 
constructed "by plotting the J data versus the measured crack extension 
Aa as suggested "by Landes and Begley [37] is thus proposed to study the 
stability of the crack growth process in this dissertation. This is 
shown schematically in Figure l4. Notice that the J value calculated 
by Equation (2.3) does not give an exact value for the case of an 
advancing crack. However, this does not present any problem since these 
inexact values of J are originally used only for extrapolation purposes 
(to pick the J measurement point) and the error thereby generated is 
-LL* 
negligible. 
For a given experimental J - && resistance curve, a virgin 
specimen containing a crack of initial length a will be loaded 
monotonically, and a finite-element incremental solution will be obtained 
based on the assumptions described earlier. Since no unloading is 
present, the criterion J = JTr, can be used for the initiation of crack 
JLU 
growth. From the dependence of J on the loading parameter P (j = <J(p))j 
one can obtain P at the onset of crack growth initiation. It is noted c 
that the apparent small crack extension /\a = Aa a s shown in Figure 1̂-
is caused by the stretch zone formation instead of actual crack exten-
sion due to material separation. Thus, the extrapolated Jjr value taken 
at the intersection of the J resistance curve with the crack-tip blunting 
line is consistent with that taken at the vertical line, Aa = 0. 
To simulate an available experimental J resistance curve using 
the computer program developed, first of all an appropriate value of &J 
needs to he prescribed (See Figure 1̂ -). Then the crack-tip node will 
he released and made to advance by an amount Aa while keeping the load 
parameter constant. At the end of the crack-tip advance the quantity 
•— (U - U - U ), which is numerically nothing but the global energy Aa i e p 
G- at crack growth &a , will be computed. Next, by using Equation (2.3)j 
say 
J ~ Bb 
one has (See Figure 15) 
^ ~ ib (A2 ' V 
2P 
BT ^I + ^ 
and 
A60 ~ 4 ^ - A6n (6.3) J2 ~ 2P ""1 c 
Again, B is the thickness of the cracked specimen, and b is the uncracked 
ligament. A6 denotes the incremental load-point displacement caused by 
crack extension. A<5p is the approximate incremental load point displace-
ment of interest which can be used to determine the incremental applied 
load A? ̂ or next load step. This procedure was termed as the so-called 
"Displacement Control Loading Process" (See Appendix C). After applying 
AP on the specimen, a new J value corresponding to crack growth Aao i n 
Figure 1^ is recomputed by Equation (2.3). That is: 
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Note that bp is the uncrack ligament corresponding to crack growth Aa„. 
This process will he continued until a coincident J resistance curve is 
constructed and, simultaneously a G -Aa relation will he generated 
(See also Figure ^k). An estimate of the P-6 relation during crack 
extension is given schematically in Figure 15. 
It is worthwhile to reiterate that G is interpreted as the net 
energy "a-vailahle" for fracture and its calculation is not restricted 
to the deformation theory of plasticity. Thus, as a crack starts 
extending while keeping the load parameter constant, a higher value of 
•x- •# 
G will make the crack extend more readily. Studying the computed G 
-Aa relation, one may obtain much useful information about stable 
crack growth. Some results will be discussed in detail in the last 
section of Chapter VII, 
Finite Element Representation of Crack Growth 
Anderson [78,79] and Kfouri and Miller [7^75] have presented 
finite element solutions for growing cracks under plane stress and plane 
strain conditions, respectively. Since the singular behavior of elements 
at the crack-tip is not Included (the elements used are the simplest 
constant strain elements), the accurate behavior at the crack-tip which 
would be of Interest for evaluation of the fracture tests can not be 
generated and any summary is bound to be incomplete. The necessity to 
develop a much more precise finite element analysis which can give 
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reliable predictions of the extent of the plastic zone for each crack 
growth is obvious. The present hybrid displacement finite element 
model, with high-order isoparametric elements in the regular region and 
circular-sector shaped "embedded-singularity" elements near the crack-
tip (yet satisfy the conditions of inter-element displacement and trac-
tion continuities), is therefore devised and should be of value for 
further extension of the knowledge of ductile fracture including the 
phenomenon of stable crack growth. The details of the finite-element 
representation of crack growth, such as element design, detailed proce-
dures, and fitting functions are described as follows: 
(1) Element Design 
The same crack-tip sector singular elements as those employed 
in the study of crack growth initiation are suggested here. The dis-
tance between the apex node and its middle node, as shown in Figure 17, 
is designed to be the desired extension of the crack &a. This distance 
is small compared to the crack length a and is equal to about 1 percent 
~2.5 percent of the crack length. 
As long as the crack propagates, the sector elements are all 
shifted together by the distance /\a toward the direction of crack 
growth. The surrounding regular elements, which do not necessarily 
cover the entire regular region, must be rearranged due to the shifting 
of the singular elements. Thus, the element mesh needs to be changed 
for each stage during the whole period of crack growth. 
(2) Modeling of Crack Growth Process 
The crack growth process as pictorially indicated in Figure Ik 
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can be elaborately described and roughly divided into four steps 
((a) - (d)): 
(a) Before the crack propagates, an accurate, veil-developing 
fitting procedure is required to interpolate all the data on twenty-
five Gaussian points (Appendix C) in each "old" element onto the new 
data points in fictitious rearranged elements. Those fitted data, 
which include all the field variables such as displacements, strains, 
stresses, translation of yield surface, strain energy, etc. are 
subsequently stored in a temporary tape. Now, as shown in Figure 17, 
the apices of the rearranged elements are centered ahead of the crack-
tip A, say at point C. 
As long as the fitting procedure is followed as shown in Figure 
17, the Gaussian point D in an old element will "move" to the corre-
sponding point D' in a rearranged element, the question may well be 
asked as to how some suitable points are determined such that the data 
at point D' can be fitted by them accurately. 
To interpolate the data in the old element mesh onto the new 
element mesh, a simple but accurate linear fitting function is used 
in the present work. As a motivation, for example, in terms of the 
two-dimensional rectangular Cartesian coordinate system the undetermined 
fitting function can be expressed as a linear combination of polynomi-
als. That is: 
(a + bx)(c + dy) 
where a, b, c, and d are the four arbitrary coefficients to be 
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determined. Therefore, to find the data at a fitted point in the 
rearranged element "by the linear interpolation polynominals (for two 
dimensional analyses), the data on four nearest surrounding points 
in the old element are required. Farther, "because of the inherent 
inter-element discontinuity of stresses and strains, those four chosen 
Gaussian points must "be located in the same element. 
Fitting Procedures. Since the data of four old Gaussian points 
in the same element are required to interpolate the data at the fitted 
point, say D' (See Figure 17) > each "old" element with twenty-five 
Gaussian points can he readily separated into sixteen regions with 
each region containing four Gaussian points (See Figure 18). Those 
inter-region boundaries are defined "by the local isoparametric coor-
dinates (§,7|) or polar coordinates (r,9) of Gaussian points, depending 
on regular or singular elements those Gaussian points are in. 
The "movement" from point D to point D' in general covers the 
following four cases: 
(i) from a regular element to a singular element, 
(ii) from a singular element to a singular element, 
(iii) from a regular element to a regular element, 
(iv) from a singular element to a regular element. 
Referring to Figure 17, the first two cases can he readily dealt with 
by transforming the Cartesian coordinates (x_., y-ni) °^ ̂ T in*to "the 
polar coordinates (*%->,> 9-nf) "with respect to the old crack-tip A. 
The appropriate element and region to be used to fit the data at point 
D1 in the singular element are thus determined by classifying the values 
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of (̂-p,,* &iv). However, for the last two cases, one has 
*£ = E W1(§,Tl)x: 
i=l 
^ = £ ^(§,7))^ 
i=l 
where the shape functions N.(gjT)) are polynomials of (§j7|) and defined 
in Chapter V. x. and y. (i = 1,...,8) are the nodal Cartesian coor-
dinates of the old regular element. Wow, to find the isoparametric 
coordinates (§>7]) of point Dr with respect to the old element and to 
determine the suitable region in the old regular element, it is required 
that the two nonlinear sirnultaneous equations in two unknowns (§>T)) he 
solved. These solutions can he easily achieved "by modifying the well-
known Newton-Raphson iteration method. Assume 
E(§,T)) =*£ ' £ Ni(§,T])xi = 0 
i=l 
F(§,T)) = y£ - £ Ni(g,Ti)y1 = o 
i=l 
Let (? = 0, 7] = 0 be the initial values. Define so * 'o 
F ^9E . _ 3E 
§ "" a s ' T] " dT) 
Then the iteration "becomes 
^i+1 ?i 
E F - F E^ 
T] J] 
E F - E F 
' i 
^ i+1 = ^i " 
F E - E F 
£ £ 
EJL - E F 
TT] 71 § 
The subscript i indicates that these functions are evaluated for § = §. 
and f] = 7].. The iteration are repeated until the results are satisfied. 
Fitting Functions. As was mentioned ahove, an appropriate fitting 
function need "be devised. As shown in Figure 19, suppose the values of 
the field variahle f. of regular elements are known at all the given four 
points with isoparametric coordinates (§.J7].)J i = 1, . . . 9h 9 respec-
tively. Then the approximating functions, g^T]) and gp(Tj)> can "be 
found hy interpolating f. as 
7] - Tin 
> 1 ( ^ = (f2 " fl> 7T^7 + f l (6.M 
'1 
f l " 71q 
\ " T), 
(6.5) 
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Similarly, by interpolating g-,(T]) and gp(7])j "the approximate fitting 
function f(^,T)), having the same values as f. at given corresponding 
points, is constructed as follows: 
f(^T)) = (gp(l)) - gn(7))) 
- §-
§3 - §-L 
+ gn(7]) (6.6) 
Substituting Equations (6A) and (6.5) into Equation (6.6), after some 
manipulation, one has: 
f (S,7]) = *"-
Tl " 7L x § - §-, T] - Tin 
" - 11 ~ - - -^ + 1 Tip " % i §3 - §-L 7]2 " 71-L 
+ f, 
" T l 
_n 2 ( > -
? - h 
h 
T| - n 3 g - h 
3V % - y c3 - §! 
+ fh \ - T|3 §3 - ?! 
(6.7) 
It is noted that § and §p in Equation (6.7) essentially represent 
the same § locations, that is, §-. = &-,. Moreover, 
% = §>,> \ = % and T]2 = 71̂  
Therefore, Equation (6.7) can be simplified as 
f(S,T]) = fn{A(§)[B(T]) " 1] - B(T]) + 1} + fp[B(7|)[l - A(§)]] 
+ f [[1 - B(71)]A(§)} + f^[A(§)B(T))] (6.8) 
where 
5 " S-i 
A(S) =r-r - r 
S3 S-L 
"H " Tin 
B(7)) = 
T]2 - T): 
For singular sector elements, the same fitting polynomial f as 
expressed in Equation (6.8) is achieved, except that isoparametric 
coordinates (§,T|) are replaced hy polar coordinates (0,r). Here, 
f(r,0) can he used to find the approximate data at any fitted point in 
the rearranged singular element near the crack-tip region. 
(t>) Define the singularity location at the new crack-tip C. 
The stiffness matrix is then recalculated for the rearranged mesh 
while keeping the same power singularity hased on the new fitted data 
which were stored in the tape. In order to minimize the numerical 
errors which occurred due to the fitting process, the whole cracked hody 
should he equilihrated before releasing the old crack-tip node A. To 
assure this, the convergence of the residual forces during iterations 
need he carefully investigated. Also, for each iteration procedure, 
such as in the static crack case, an updated stiffness matrix is 
required. 
(c) In terms of finite-element simulation, after obtaining the 
equilibrium conditions for the cracked hody, crack growth can he repre-
sented as the relaxation of the nodal forces at the node representing 
the old crack-tip. In this dissertation, the relaxation is performed 
oA 
directly by applying a negative reaction at the old crack-tip node A 
and eliminating the residual force by successive iterations. The role 
of unloading process occurred in the plastic region behind the advancing 
crack-tip need be satisfactorily demonstrated (See Appendix C). 
(d) At the end of the crack-tip release, the quantity 
A(U - U - U ) 
* f e p 
G = : *— will be calculated. It is noted that all the 
Aa 
parameters (U 9 U and U ) should be computed based on the data obtained 
before the fitting procedures are done. By prescribing the increment 
of J to be j\Jy and by using Equation (6.3), an increment of external 
load Ap can be easily obtained and applied. A new J value of crack 
growth Aa is thereby achieved. 
Lastly, repeat steps (a) - (d) until the whole procedure is 
finished. The flow chart of crack growth computer program by the present 




In this chapter, three mode I cracked specimens (three-point 
"bend, center-cracked and compact tension types) are chosen to study 
the initiation of crack growth. They supply a direct means of checking 
the available experimental results [3^-]. To investigate the "behaviors 
of crack growth, however, Kfouri et al.'s center-cracked plane strain 
tension specimen [7^j75] together with two compact tension specimens 
made of different materials are solved. 
In the first section, "based on the earlier mentioned assumptions 
and the analysis procedure developed, It is proposed to obtain the 
functional relationship computationally between the J-integral and dis-
placement 6. Comparing this J in an arbitrary problem with the experi-
mentally determined Jjr (which then becomes a material property) govern-
ing the initiation of crack growth, the situation can thus be assessed 
whether the crack in the given case is on the verge of growing or not. 
In the second section, the relationship between the J-integral 
and crack-tip opening displacement (COD) for ductile materials is 
explored and compared with that obtained by others [23,25,26]. 
In order to provide a realistic analysis for fracture, the 
remainder of this chapter is devoted to Investigate the phenomenon of 
crack growth. The focus for this section is the calculations of global 
energy release rate G in the presence of crack extension. The results 
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summarized "by Kfouri and Miller [75] for elastic-plastic linear 
hardening material are thoroughly reviewed and the predictive inadequacy 
.v. 
is compensated. A first analysis of glo"bal energy release rate G for 
an extending crack in arbitrary hardening material is also presented in 
this section. An attempt is finally made to provide the relation G 
versus Aa (crack growth) which should "be useful in the investigation 
of stable crack growth. However, due to the lack of an acceptable 
fracture criterion associated with stable crack growth and the extensive 
experimental data, it is presently not possible to predict fracture from 
the global energy balance as developed in the previous chapter. Detailed 
discussions are thus given. 
The Initiation of Crack Growth 
(l) Three-Point Bend Specimen 
The Problem. A three-point "bend specimen made of Ni-Cr-Mo-V 
rotor steel is analyzed in this work and is inserted in Pigure 21. Since 
the system is symmetrical, it is only necessary to analyze a half portion 
whose finite element mesh is idealized for the present geometry of 
dimensions W = O.kjk", L = 1.57% W/a = 0.5, thickness B = 0.39^" and 
O.788" (See Figure 21). Pigure 21 shows the element breakdown for half 
of the structure with circular-sector shaped "singular" elements sur-
rounded "by "regular" eight-node isoparametric quadrilateral elements. 
The number of elements and nodes are 4̂0 and 137, respectively. The 
region of greatest interest is obviously the uncracked ligament ahead 
of the crack-tip. Appropriate prescribed displacement boundary condi-
tions are provided. 
The uniaxial stress-strain behavior of Ni-Cr-Mo-V steel is 
assumed to be of the Ramberg-Osgood form shown in Figure 22. Young's 
modulus of elasticity E is taken at 30 X 10 psi,, and the plastic modulus 
B equals 183, 031 psi. The power hardening coefficient is taken as 
22.19> and the material yields at 120,000 psi. Poisson's ratio, v, 
is 0.3. 
Results and Discussions. The presently developed finite-element 
model does not involve the thickness of the "bend bar specimen except for 
the "either-or" choice of plane stress or plane strain. Based on the 
arguments of Bucci et al. [3^]j for the dimensions of the present speci-
men, plane stress conditions were invoked. 
4 
First, in the assumed field functions for the "singular element" 
as detailed in Chapter V, one can set the power hardening coefficient 
n = 1, and then the assumptions correspond, to an approximation for the 
asymptotic solutions for displacements/stresses in the linear elastic 
case. Thus, in the first increment of the present incremental solution 
procedure (setting n = l) the linear elastic solution can be computed. 
In the linear elastic case, the value of the normalized elastic stress 
intensity factor as calculated directly from the built-in asymptotic 
stress/displacement field in the present procedure was found to be 
K /p = 12.15(in) ' . This is in excellent agreement with Bucci et al.' s 
-S/2 
result of K_/p = 12.8l(in) ' for similar geometry. The path indepen-
dent J-integral for this linear elastic case was also directly computed 
around four different paths as shown in Figure 21. The average value 
c p 
of J for these four paths was found to "be 0.5^-01 x 10 l b - i n / i n per 
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unit load which corresponds to a value Pw/p = 12.56(in) ' . Thus, 
it is found that the stress-intensity factor evaluation from the 
J-integral is also highly accurate in the present approach. 
Then, the load required for the specific point (near the crack-
tip) to he on the point of yielding was determined. The solution thus 
continued "by progressively increasing the applied load and determining 
an elastic-plastic solution at each increment. These solutions were 
stored on magnetic tape for subsequent processing to determine the field 
values of interest. 
Figure 23 shows the computed load versus load-point displacement 
(6) and the load versus half crack-mouth-opening (V) curves. Also shown 
for comparison purpose are (i) the p versus 6 curve "based on linear-
elastic theory, and (ii) the p versus 6 estimation given hy Bucci 
et al. [3^]. 
Figure 2k- displays the directly computed relationship between the 
J-integral and load point displacement 6. The J-integral was calculated 
using Equation (2.6) over four different paths and the average value 
was plotted. In the present finite-deformation analysis the value of J 
was found to be almost path-independent. (The maximum variation was 
just two percent while computed at the highest load level.) Also shown 
in Figure 2h for comparison purposes are: (i) the J-integral estimation 
based on a linear-elastic analysis, (ii) the J-integral given hy Bucci 
et al. [3̂ -]j and (iii) the Westinghou.se experimental data [3̂ -] for bend 
specimens of thickness 0.39̂ -" and O.788" respectively, and (iv) the 
estimation of J from the presently compute p versus 6 curves using the 
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empirical formula (2.3). The excellent correlation "between the present 
finite deformation results and the referenced experimental results can 
he noticed. As reported in [3^] for "both the single and double thick-
ness bend bars, Westinghov.se experimentally determined displacement 6 
at fracture ranged "between 0.022 and 0.02^ inches for a/w ratios of 
magnitude comparahle to 0.5. Under the present finite-deformation 
analysis for the ahove mentioned experimentally determined fracture 
displacements, the computed J is almost halfway in "between the Westing-
house experimental results (See Figure 2k). For the same critical 6 
range, the estimates of Bucci et al. [3̂ -] for J is ahout six to ten 
percent higher. 
As is seen in Figure 2k, hased on the present finite deformation 
analysis, the computed critical value of J, JTnj is ahout 1000 in-lh/in . 
1L* 
Even though the question of precise measurement point for Jjr does not 
appear to have "been addressed to in the 1971 work of Begley and Landes 
[32,33]j from the excellent agreement of these results with the present 
results hased on the modeling of a non-growing, stationary crack, it may 
he deduced that there was no noticeahle stahle crack growth in the 
experiments [32,33]. Also, "because of the reasonahle agreement (with 
maximum seven percent difference) "between the present competed results 
and the empirical formula (2.3) of Rice et al. [38], it can he concluded 
that the estimate of Equation (2.3) can he used with reasonahle accuracy 
in the experimental measurement of J from a single specimen (three-point 
bend) test data. 
Notice that in the present procedure the J-integral paths go 
through the middle of the quadratic isoparametric regular elements 
where a much smoother stress and strain data can he expected. It is 
also worth noting that in the small-deformation analysis, even though 
path-independence was noted for paths 2, 3 and k (Figure 21), this was 
not the case for path 1, which is adjacent to the crack-tip (the path 
1 value J different "by ahout five to seven percent from those of paths 
2~M [69]- However, in the present finite deformation analysis, more 
accurate path-independence was noticed for all the paths 1-^ (with only 
+ two percent variation), and the path-independence for path 1 was 
sometimes "better than that for the other path at higher load levels. 
It is speculated that since finite-geometry changes are more important 
near the crack-tip, the use of the equation (2.6) for J under finite 
deformations lead to this more accurate path independence for the 
contour immediately adjacent to the crack-tip. Thus, finite deforma-
tion assumptions as used in the present analysis play an important role 
in dealing with elastic-plastic fracture mechanics. 
Figure 25 shows the yield zones in the specimen, and Figure 26 
shows the crack surface deformation profiles for various load levels. 
Figure 27 and Figure 28 show the distribution of the effective strain 
and effective stress ahead of the crack-tip in the uncracked ligament 
respectively. Here, the effective strain and effective stress are 
defined as follows: 
f~2 2 ~T 
CTef = J a x + CTy - CTxCTy + 3 c 7 xy 
eef = fdeif+°ef/E 
where the plastic effective strain increment de „ can be determined as 
* ef 
(for plane stress case) 
deP = (1 + v2 + v)(de2 + de2) - 2(1 - v
2 - v)de de + 3de
2 
ef v 'x x yy v ' x y xy 
The relative path independence of the computed J-integral 
(modified for the present finite deformations) indicates that it is 
indeed a valid parameter to be used in a ductile fracture initiation 
criterion. 
(2) Center-Cracked Specimen 
The Problem. The center-cracked specimen which is analyzed in 
this work is shown in Figure 29. As is clear in Figure 29, the finite 
element mesh represent quadrant 1 of the specimen geometry which is 
sufficient for the calculation procedure. The present geometry of 
dimensions are 2b = 1", 2D = 2.25", B(thickness) = 1" and a/b = 0.5. 
The chosen test piece was presented by 50 elements and 171 nodes. It is 
also to be observed from the mesh that there is a gradual gradient in 
element size towards the crack-tip. 
The material considered for the present configuration is 
Ni-Cr-Mo-V steel. Thus, the same Ramberg-Osgood form as that shown 
in Figure 22 is again adopted. 
Results and Discussions. Similarly, based on the arguments of 
Bucci et al. [3*0J "the analysis was performed using a plane stress 
assumption. An initial elastic computation was first carried out and 
eight more load increments were then progressively increased and solved. 
The path-independent nature of the J integral was successfully 
demonstrated for each increment around five different paths as shown 
in Figure 29. The maximum variation was found to "be ahout four percent 
for all paths. The average value of J for these five paths (for 
-7 2 
linear elastic case) was found to he 0.3733 x 10 lb-in/in per unit 
load which corresponds to a value KL/p = 1.06(in) ' . This is in 
excellent agreement with that calculated directly from the "built-in 
_o /p 
asymptotic stress/displacement field of K_/p = 1.07(in) ' . 
Figure 30 shows the results for gage-point displacement 6 (at 
point G in Figure 29) variation with applied load p. Also shown, for 
comparison, are the curves hased on linear-elastic analysis as well as 
the approach of Landes et al. [33*3*0* 
Figure 31 shows the variation of the value of the J-integral 
with the gage-point displacement 6. The J-integral was calculated, 
using Equation (2.6), and averaged over the five paths for each load. 
Also shown for comparison purposes are: (i) estimation of J "based on 
linear-elastic theory (essentially a "small-scale yielding" approxima-
tion), (ii) estimation of J given "by Landes et al. [33*3^*71]* and, 
(iii) the Westinghouse experimental data. Again, J versus 6 agreement 
of actual experiment and the present finite-deformation analysis are 
quite good. 
Referring,to Figure 31* it is worthwhile to mention that all J 
values presented in Landes et al. [33*3*0 for center-cracked specimens 
should be twice the values presented. These "self-compensating" errors 
are now recognized "by these authors [71]- These involved a missing 
factor of two in determining J from compliance measurements and a 
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measurement point for J n at maximum load, which had been observed to 
coincide with the onset of crack growth in their three-point bend 
specimens but had been assumed, incorrectly, to do so in the present 
tension specimen as well. In [71j> Landes et al. also note that their 
recent experimental results show that when the toughness measurement 
point is clearly defined, center-cracked panels and bend specimens for 
the same material yield the same J toughness level. Thus, it is con-
eluded that J is indeed independent.of specimen geometry. 
Figure 32 shows the growth of the yield zone in the test piece 
at several stages of loading. Figure 33 displays how the crack profile 
deforms throughout the loading history. 
(3) Compact Tension Specimen 
The Problem. Using the present procedure, detailed analyses 
were performed for the case of a compact tension specimen for which 
experimental results had also been reported by Bucci et al. [3*0-
Because of the symmetry, only the upper half plane was used to analyze 
this problem. The present geometry of dimensions are W = 2", 
2H = 2.k", and a/w =0.5 (See Figure 3^). The finite element ideali-
zation is illustrated in Figure 3̂-j with 30 elements, 103 nodes and 196 
degrees of freedom. 
The material is A533B steel. As is shown in Figure 35* "the 
experimental stress-strain curve was fitted by two Ramberg-Osgood type 
curves. In the first curve the mathematical yield point is lower than 
that in the experiment, but the strain hardening is well represented; 
whereas, in the second curve the mathematical yield point is roughly the 
10^ 
same as that in the experiment, "but it is almost a non-hardening type 
of approximation. 
The effects of the mathematical modeling of the true uniaxial 
stress-strain curve was studied by Atluri and Nakagaki [69]. No 
significant differences were found for the gross results for load-
point displacements and J for these two types of material characteriza-
tions. One reason for this may perhaps he attributed to the compensating 
feature of these two approximations as described above. Thus, because 
of the expensive computer time, the fitted curve in the present analysis 
was taken to be that corresponding to material characterization 1 in 
Figure 35. 
Results and Discussions. Again, for the present compact tension 
specimen geometries, based on the arguments of Bucci et al. [3*0* plane 
stress conditions were invoked. Even though the loading of the compact 
tension specimen in the actual experiment involves a pin-hole in the 
specimen, the effect of this pin has not been simulated in the present 
numerical procedure. Instead, a point loading has been assumed. 
The linear elastic solution showed that the value of the normal-
ized elastic stress intensity factor evaluated from the J-integral 
(O.1632 x 10~5 Ib-in/in ) K^/p = 6.90(in)~3'2 was also in excellent 
agreement with that reported by Bucci et al. [3*0 (KT/p = 6.79(in) ' ) 
and that calculated directly from the built-in asymptotic stress/ 
displacement field (K_/p = 6.6l(in) ' ). The direct evaluation of J 
was carried out and averaged along three different paths at each load 
level as shown in Figure 3*+. Throughout the loading history each value 
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of J was within 1.3 percent of the mean. 
Figure 3°" shows the computed load versus load-line displacement 
(P versus V ) and the load versus the half crack mouth opening (P versus 
J_j 
V) curves. Also displayed for comparison purposes are (i) the P versus 
V curve "based on linear-elastic theory, and (ii) the p versus VT curve 
I J_j 
given by Eucci et al. [3̂ -]. 
Figure 37 shows the directly computed average value of J versus 
load-line displacement VT (at point L in Figure 3̂ -) curve along with 
Li 
J versus VT estimates based on ( i ) a l i n e a r - e l a s t i c ana lys i s , ( i i ) the 
Ii 
computed p versus load- l ine displacement and using the empirical formula 
(2.3) of Rice et a l . [38] , and ( i i i ) the computed p versus load-l ine 
displacement curve and using the empirical formula (2.^-) of Merkle and 
Corten [39]- The experimental r e su l t s [32,33*3^] for J"Tr using the 
present one-inch thick specimen as well as for G using a 12 inch thick 
i i / 
specimen are a lso shown. For the present one-inch thick specimen 
a/w = 0.5^ the crack-mouth opening VM a t f racture was found experi-
mentally to he 0.07 inch, which corresponds to load- l ine c r i t i c a l d i s -
placement VT ~ 0.023 inch. From the present ly computed J versus VT 
J_i -L 
2 
curve in Figure 37j i"t ca*i "be seen that the computed J „ ~ 1190 in-lb/in 
which is about l6 percent higher than the reported [32,33*3^-] experi-
2 
mental J ~ 1030 in-lb/in . In the 1971 "work of [32,33]> however, the 
precise measurement point of J r was not clearly defined and the phenom-
JLU 
enon of possible stable crack growth prior to fracture does not appear 
to have been accounted for until the 1973 work of Landes and Begley 
[37]- Thus, the fact that the J value (̂,nd hence JTn) computed by using 
io6 
a stationary-crack model such as the present case is always higher than 
in experimental specimens undergoing subcritical crack growth can 
easily be explained as in [37*70]- Prom the present results it is felt 
that there was some subcritical crack growth on the present compact 
tension specimen prior to fracture in the experiments of Begley and 
Landes 1971 [32*33]• Some results about the finite element simulation 
of crack growth are to be presented in detail in the last section of 
this chapter. 
From the Figure 37 it can also be seen that the present directly 
computed J correlates excellently with the empirical formula (2.k) of 
Merkle and Corten [39]* whereas the empirical relation (2.3) of Rice 
et al. provides an underestimate by about 12 percent. Thus, in 
experimentally measuring J from a single compact tension specimen test 
data, it is advisable to use the relation (2.̂ -) rather than (2.3). 
Figure 38 shows the yield zones at various load levels. The 
crack profile at each load level is illustrated in Figure 39« To test 
the singular nature of strains near the crack-tip, the effective strain 
in a tip element at along 0 = 60 (See Figure l) is plotted in Figure 
•̂0. It shows an almost exact singular-strain behavior at all load 
levels, i.e., e ~ r ' (n = 6.971). Finally, based on the present 
finite-deformation analysis, Figure kl displays how the "singular" 
crack-tip elements deform at the load level, p = 21,97^- lbs. 
The Relation Between the J and COD Concepts 
The various earlier cited calibrations for COB from CGD for a 
three-point bend specimen are shown in Figure h2. As expected, the 
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CODE [25] relation and the "extrapolation of linear portion of the 
crack surface" give linear relations "between COD and CGD, where as 
the calibration suggested hy Wells [26] and Rohinson and Tetelman [23] 
give a nonlinear relation "between COD and CGD in the small-scale-
yielding range and a linear relation when the plastic-yield zones start 
growing in the net section ligament (large-scale plasticity). More-
over, there is a reasonahle agreement "between the COD value corresponding 
to a particular CGD value using the first three of the above calibra-
tions, whereas that given by the calibration curve of Robinson and 
Tetelman [23] is lesser by a factor of 1.5 ~ 2.0. Using the informa-
tion in Figure 23 (which also shows the CGD values corresponding to 
given load-point displacement, 6, values), Figure 24 (j versus 6 curve), 
and Figure 42 (CGD versus COD curve), the data is reduced to show the 
variation of J with COD (using the above cited different definitions 
for COD) in Figure 43. Also shown for comparison purposes is the 
straight line J = <j (COD); where CT is taken to be l47.5 ksi, halfway 
between the 0.2 percent offset yield stress and the ultimate stress 
(Figure 22) (for weakly hardening materials, this is justifiable [37]). 
As can be expected, the relation between COD and J is almost 
linear when the calibrations of Wells [26] and [23] are used (because 
2 
of the variation COD ̂  CGD in the small-scale-yielding range in these 
calibrations) whereas the COD versus J relation is significantly non-
linear in the small-scale yielding range when the CODA [25] and linear 
- _ 
The small degree of nonlinearity in the J versus COD curve for 
COD values 0.5 "to 1.5 x 10~^ in. (.013 - • 04 mm) may perhaps be spurious 
when one notes that the error band in the experimental measurement of COD 
in this region appears to be about 25-35 percent [23]. 
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extrapolation methods are used. It can be argued [39] that for COD 
to be a valid fracture criterion, COD = J/(A.CT ) (or J = ACT COD) for 
weakly-hardening materials such as the present. 
It can be seen from Figure 43, that the essentially linear 
relation between J and C0D> using Wells' [26] calibration value for 
COD can be stated by the-equation J ~ 1.4 <j COD (<j = 1̂ -7-5 ksi as 
noted earlier). Whereas, Hays and Turner [48] using the same defini-
tion of COD for a similar three-point bend specimen find, from their 
finite element analysis, J = 2CT (COD). It is interesting to note that 
Rice and Johnson [45], considering the finite deformation effects near 
the crack-tip and using a rigid-plastic slip line theory, find for the 
small-scale-yielding range, J ̂  1. W 5 O y(C0D), which is excellent agree-
ment with the present finite-deformation analysis result, as above, 
using Wells' [26] calibration for COD. Again the predominantly linear 
portion of J versus COD relation from the COD calibrations of [23] can 
be stated, as seen from Figure 43, to be J ~ 1.8a COD, while the linear 
extrapolation values of COD correspond to J ~ 1.38a COD and thus the 
value of A. (in J = ACT COD) In the present computations using various 
COD definitions is In the range 1.4 ~ 1.8 (See Figure 43). 
As for the compact tension specimen, using the computed crack 
surface deformation profiles (Figure 39) > P versus V relation (Figure 
36), J versus VT curve (Figure 37) data is reduced to the form of J 
h 
versus COD curve, which Is shown in Figure 44. For want of a better 
definition, COD for the compact tension specimen is taken by extrapola-
ting the linear portion of crack-surface profile near to the crack-tip. 
From Figure k-K, it can he seen that the computed J versus COD curve 
can he stated approximately as J = l.¥kj COD. This value of X = l.W-
is once again in excellent agreement with the preductions of Rice and 
Johnson [V?] and Hutchinson-Rice-Rosengren [2,3 ]• Similar procedure 
was made for the center-cracked specimen and the computed J versus COD 
curve (Figure k-5) can he stated approximately as J = 1.21a COD. Thus 
from the two present analyses of "bend type specimens (three-point "bend 
and compact tension specimens), with the exception of the result for 
the three-point "bend specimen using the calibration of [23], it may he 
inferred that J = l.ka COD. As for the tension type crack problems, 
such as the present center-cracked specimen, it may he inferred that 
J = 1.2CT COD. Thus, there is a direct correlation "between J and COD. 
However, in analyzing in-service situations of arbitrary ductile 
fracture problems using elastic-plastic finite element analysis proce-
dures such as the present, the question still remains as to how to 
directly compute COD based on a consistent definition. To this end, 
attempts were made in the present computations to take COD to he crack 
opening at the point where the elastic-plastic boundary intersects the 
crack-profile or to define COD to he the diameter of an inscribed circle 
near the crack-tip. These attempts?unfortunately, do not lead us to 
any rational conclusions. 
Some Comments and Results about G* 
The results summarized in earlier sections are, together, rather 
encouraging for the problem of the initiation of crack growth from those 
stationary "plane fracture" problems at large-scale yielding based on 
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the J-integral. As has "been emphasized earlier, however, since the 
stable crack growth problem is of great importance to the fracture of 
the more ductile metals, a parallel effective development for stably 
growing cracks is highly desirable in this section. 
There has, thus far, been little attempt to study the phenomenon 
of crack growth for cases of large scale yielding. The current trend 
in those limited publications [75 j7^] is directed to a description of 
the crack separation energy rate G in stable crack growth. Since G 
is a geometry dependent parameter at least when the present hybrid dis-
placement finite-element model is employed, the global energy release 
rate G which is not determined solely by local stresses and deforma-
tions near the crack-tip is developed and used in this work instead of 
G . Hence, if the fracture step size Aa and the global energy release 
•x-
rate G can be taken to be characteristic of the material, then a 
definite fracture criterion is supplied to predict the instability of 
crack growth. Therefore, in this section, the investigations will 
include the following two parts: 
(1) to study the variation of G and J with decreasing values 
of parameter S at various levels of applied stress a . S is a parameter 
which is proportional to the ratio of growth step size Aa to plastic 
zone size. In the case of small scale yielding the plastic zone size 
2 2 
is proportional to (KT/a ) or to (a /a ) a and S can be given as 
o Aa 







O =: „ 
Now when the plastic zone is small, i.e., when S is large the elastic 
solution dominates over the range of Aa and so the linear elastic 
fracture mechanics solutions are justifiable. As S decreases this will 
be less true and the linear solutions will be inapplicable. 
To do this, the same center-cracked plane strain tension speci-
men as studied in Kfouri et al. [74-, 75] "was again solved based on the 
present finite-element procedure. Comparing the results with those 
presented in Reference [75 ]j some extensive discussions were made. The 
role of unloading effect in the plastic region near the advancing 
crack-tip was noted and the equivalence between global energy release 
* A 
rate G and crack separation energy rate G was proved computationally. 
Further, these analyses were also extended to solve a compact tension 
specimen made of arbitrary hardening material. 
(2) To display a rough scheme of crack extension by using the 
•x-
G concept and simulating an available experimental J-Aa resistance 
curve [30 ]• 
•x-
Variation of G and J with Decreasing Values of Parameter S 
Kfouri et al.'s Center-Cracked Specimen. The center-cracked 
tension specimen solved by Kfouri et al. [7^75] is inserted in Figure 
4-6. The geometry of dimensions are 2b = 1.6", 2d = 1.6" and a/b = 
0.125. Figure 4-6 also represents the finite element mesh for a symmetric 
quadrant of the specimen with k<) elements and 170 nodes. The region 
of interest is the segment in close proximity to the crack and this 
segment is magnified in Figure K9. Material properties are: 
E = 30 x 10 psi, Poisson's ratio v = 0.3> yield stress kk,9^0 psi 
and a linear strain hardening with plastic modulus B = 716,9^2 Ps^ 
plane strain conditions are assumed. 
#- A 
The equivalence between G and G was demonstrated. Since the 
tangent modulus method was employed in this work, the values of G 
were evaluated by applying an arbitrary negative force at the crack-
tip until the original crack-tip nodal force was relaxed instead of 
using the step-wise process illustrated in the previous chapter. 
Moreover, by using the present hybrid displacement finite element model, 
due to the inherent discrepancy of nodal force distribution within 
singular crack-tip elements, the original nodal force at the crack-tip 
node which is used to determine G should be modified by an appropriate 
extrapolation procedure (as shown in Figure h-j). These procedures were 
* A carried out and the maximum difference between G and G was found to 
be 8.8 percent. 
Figure k-8 shows the variation of G (G ) and J with decreasing 
values of S. The results obtained by Kfouri et al. [75] are also shown 
for comparison purposes. In Reference [75]* without a detailed descrip-
tion of plasticity, it was recognized that the elastic-plastic analyses 
were proceeded by an incremental, compatible displacement finite-element 
model. The elements used were the simplest of the family of isoparam-
etric quadrilateral elements. An inappropriate incremental numerical 
method, initial stress method, was used while geometry changes were 
included. Further, it is also noted that, as shown in Reference [75 ]> 
the important role of the unloading process occurred in the plastic 
region behind an advancing crack-tip was apparently ignored. Thus, to 
provide an accurate solution in the study of stably growing cracks, 
the results summarized by Kfouri et al. [75] need be modified. 
As illustrated in Figure kS9 the values of G (or G ) and J were 
normalized by a factor KZ, where KZ = I.785 o (/a) [75]- The energy 
balance examined by Rice [j6] can be rewritten as (See the previous 
chapter) 
A * 
G - P = 2 y = G = G 
As was already shown in Chapter II, the elastic energy release rate G 
(l-v2)Kf 
is equal to ^ (for plane strain case) and the above formula can 
be represented alternatively as 
-v (x _ P\ : = ^ = G! 
E G 
For pure elastic cases, since G = J and p = 0 (no plastic dissipation), 
one has 
G A = G 
and 
G^ G J 1-v 
A'A'A E 
In the truly brittle region, the present finite-element solutions 
together with that obtained by Kfouri et al. [75] are both in excellent 
1- 2 -8 -1 
agreement with the value — = — = 3.03 x 10 (psi) (See Figure h-S). In 
ih 
the brittle to ductile region, the values of G /Kl and G /KZ were cal-
culated at various applied loads while the same crack growth increment 
Aa was maintained. As S > 0.1, as shown in Figure 48, the trend of the 
•x-
variation of normalized G and J based on the present analyses is in 
agreement with that obtained by Kfouri et al. [75]• However, since the 
recoverable dissipated energy attained in the unloading region (the 
shaded region in Figure ^9) was not accounted for in Reference [75 ]> 
the values of G A/K^ and j/ic: (with a higher plastic work rate p) are 
therefore lower than that obtained by the present elastic-plastic finite 
deformation analysis. Moreover, It is noted that the dotted curve in 
Figure 48 was constructed by Kfouri et al. [75] using a twice smaller 
crack-tip element mesh. Thus, an accurate solution obtained by the 
present analysis procedure which is essentially much more sophisticated 
than that used by Kfouri et al. [75] is confirmed. 
When the crack growth Aa was extremely small fraction of yield 
zone size (S < 0.1), as would be expected to be representative of highly 
ductile materials, the finite element results were not carried out even 
in Reference [75]- In this truly ductile region, a rigorous model for 
plasticity is really required. Based on the present rigorous elastic-
plastic, finite deformation, hybrid displacement finite-element model, 
the behaviors of large-scale plasticity were first demonstrated 
accurately in this work. 
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Again, the significant role of unloading during crack extension 
was displayed in Figure 49, where a rearranged element mesh near the 
crack-tip was also drawn. The energy recovered due to unloading will 
cause a plastic work rate p which is less than that evaluated at neg-
lecting unloading conditions. Thus, for cases where plastic yielding 
is on a large scale in comparison to geometric dimensions, as indicated 
"by Rice [76], "the functional dependence of plastic work rate p on 
applied loads may "be appreciably altered and consequently the dependence 
p 
of 77 on applied loads is not expected to "be a monotonic increasing 
function of applied loads. These comments can "be verified here at 
least for the present linear hardening material. As S < 0.07, the 
results for G /KZ in Figure kS do increase drastically with decreasing 
values of S. 
The variation of J/G was also plotted in Figure 50 with 
decreasing values of S. An uncertain region is again found when 
S < 0.06 (See Figure 50). The complicated relation "between J and G 
discourages one to devise a parameter which could "be related to J in a 
simple way and, somehow, allow a similarly simple approach to crack 
growth as does J for the initiation of crack growth. 
Compact Tension Specimen. It has become evident that the pre-
diction [76] of a vanishing energy supply to the crack-tip in the limit 
of continuous crack growth with vanishing Aa is restricted to elastic-
perfectly plastic materials (non-hardening). As for the case of linear 
hardening material, the results have already "been presented above. 
Unfortunately, however, no work has "been published so far for an 
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arbitrary hardening material and, thus, the purpose of the following 
-x-
work is to extend the investigation of G to this material. 
The geometry dimensions, finite element mesh and material 
properties of the present compact tension specimen (made of A533B Steel) 
were given in Figure 3^ a*id Figure 35 respectively. The plane stress 
assumptions were again used here. 
* A The equivalence "between G and G was proved with a maximum 
variation 7.̂ - percent. The scheme which displayed extrapolations at 
the crack-tip was shown in Figure 51. As shown in Figure Vf and Figure 
51, since the distributions of the nodal force in the uncracked ligament 
are apparently geometry dependent, the global energy release rate G 
appears to be a better definition at least when the present hybrid dis-
placement finite-element model is used. 
The variation of G /KZ, J/lC and J/G was plotted in Figure 52 
and Figure 53 with decreasing values of S respectively. Here K_ and S 
are given as follows: 
K i = B/W . ̂  t |
l /2-l85.5^3/2 + 655.7(t 
/ vT/2 , \9 /2 n 









where p is the applied load (lbs), thickness B = 1", W = 2" and a = 1". 
It is interesting to find that, even in the large scale yielding region 
(S < 0.1̂ 4-), the variation of G /Kl and j/G has the same trend as that 
obtained by solving Kfouri et al.'s center-cracked specimen for linear 
hardening material. Thus, the results presented here are the first 
computation about the variation of G (or G ) for arbitrarary hardening 
materials. It is not necessary to reiterate the discussions which were 
already made earlier. 
•x-
Using G Concept to Study Crack Growth Phenomenon 
In order to provide an actual analysis of crack growth, based on 
the procedure discussed elaborately in Chapter VI, the experimental 
J-Aa resistance curve [30] of a one-inch compact tension specimen for 
Ni-Cr-Mo-V rotor steel was stimulated by the present finite-element 
analysis procedure. The geometry dimensions and finite element Idealiza-
tion were exactly the same as that illustrated In Figure 3̂ > except the 
width = 2.5" and the crack length = 1.115". The material properties 
were given in Figure 22. Plane stress assumptions were invoked. 
As a start, the specimen was first loaded monotonically until 
the point of the initiation of crack growth, where the critical value 
of J measured by the empirical formula (2.3) [38] was taken as 
J ~6h0 (lbs-in/in2). Taking AJ = ^ 0 (lbs-in/in2) and &a = 0.0175", 
the experimental J-Aa was finally simulated (See Figure 5^) • 
As was displayed in Figure 5k9 the variation of the global 
•x-
energy release rate G with increasing values of crack extension Aa 
• * 
can be noticed. G increased slowly and smoothly until the crack 
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extension Aa reached 0.035" (point S in Figure 5*0 • The values of G-
then varied unstably until the experimental J-Aa curve was simulated 
•X-
(point S„ in Figure 5*0. To study the significant role of G during 
crack extension, it is interesting to plot the corresponding load 
versus crack extension (p versus a) curve as shown in ^Igare 55. 
Comparing Figure 55 with Figure 12, some encouraging observations can 
be drawn as follows. 
(1) If the region of stable crack growth is ended at point S 
(point B in Figure 12), apparently, S will be located between point 
S and Sp (See Figure 55)- At this point, the required increase of 
the applied load or at least of the load point displacement for stable 
crack growth falls to zero. The dashed line in Figure 55 represents 
the assumed path undertaken by stable crack growth and may be deter-
mined approximately by taking smaller increments of J and a for each 
crack growth step. 
(2) The region S -S represents the transition phase (region 
III in Figure 12) and point S is no more than the point which leads 
a limiting steady-state situation (region IV in Figure 12). 
It is emphasized that, however, the observations mentioned 
above are cited by simulating "one" available experimental J-Aa curve 
•X-
only. Thus, to create an universal function G (Aa) which could be 
used for predicting fracture in ductile materials, some more extensive 
experimental data must be analyzed by the same finite-element simula-
tion procedure as described above. Unfortunately, those extensive 
experimental data are so far unavailable. Further, due to the lack 
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of an acceptable fracture criterion associated with stable crack 
growth, providing a complete scheme of crack growth is presently 
impossible. 
Fracture Criteria for Stably Growing Cracks 
Palmer and Rice [80] have observed that an integral which 
will be termed J is path-independent for stationary or growing cracks 
in any material (elastic or elastic-plastic or viscoelastic, etc.). 
The integral J* has a simple interpretation for crack models with a 
cohesive zone at the tip, within which separation begins when some 
critical stress level, say g ; is reached and there is a restraining 
stress o-(&) during separation which falls to zero at some critical 
separation 6 . Thus, for a crack which has been monotonically loaded 
to the initiation of growth, or which is at any stage during a subse-
quent process of continuous stable growth, the integral J* can be 
rewritten as [80]: 
6c 
J ' = / cr(6)d6 
o 
However, since the details of the near crack tip field must be known 
(to evaluate J"'), the integral J,' is less useful than it may at first 
appear. 
In fact, from this dissertation, it is clear that only very few 
tentative approaches have been made to the stable crack growth problem, 
and that much remains to be done. 
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CHAPTER VIII 
CONCLUSIONS AND FUTURE RECOMMENDATIONS 
Conclusions 
This dissertation provides a rigorous finite deformation, 
embedded singularity, incremental elastic-plastic finite element 
procedure which has been demonstrated to be a highly efficient and 
accurate means to analyze plane problems of ductile fracture under 
large-scale yielding conditions, with arbitrary geometrical domains and 
under arbitrary loading conditions. The material properties are charac-
terized as elastic-plastic behavior with arbitrary strain hardening. 
Based on the results reported in the previous chapter, several conclu-
sions can be drawn that are relevant to the general problem of fracture 
in the case of large scale plasticity: 
(1) The tangent modulus method was employed in the present 
incremental solution process, with an updated stiffness matrix even In 
iteration, to reduce the cumulative error in nodal point equilibrium. 
Due to the high efficiency and accuracy, the tangent modulus method is 
indeed an attractive incremental numerical method especially in dealing 
with finite deformation elastic-plastic problem. 
(2) Twenty-five Gaussian Integration points were considered in 
each of the high-order isoparametric elements in the numerical evalua-
tion of the stiffness matrix and the elastic-plastic constitutive law 
was adjusted at each point depending on the stress level at the 
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respective point. Thus, in the present formulation, part of the element 
can remain elastic while the rest undergoes plasticity. 
(3) Excellent correlations were found for the computed J versus 
6 relation, the critical J value and the reported experimental values 
whenever there was insignificant stable crack growth. 
(k) By using the modified definition of the J integral to account 
for finite deformations, a more accurate path-independence for J is main-
tained even for the contour closest to the crack-tip. Thus, to develop 
the J r fracture criterion, a finite deformation analysis seems to be 
a better choice as compared with a small deformation theory. 
(5) The empirical formula (2.3) of Rice, et al. [38] to compute 
J, from a single specimen test data for p versus 6 curve, appears to be 
valid in the case of a deep-cracked bend bar. However, for deep cracked 
compact tension specimens, the relation (2.3) underestimates J by about 
12 percent. The empirical relation (2.4-) of Merkle and Corten [39] 
which accounts for not only the bending effect, but also that of axial 
force, was found to be more accurate for deep-cracked compact tension 
specimens. 
(6) From the point of view of a more meaningful applications 
of the J-integral concept to in-service situations, a more precise 
measurement point for J _, to characterize crack growth initiation must 
be defined in the experiments. 
(7) It appears that the COD is directly correlated with 
J. Wells' [26] calibration for COD from CGD appears to be most consistent 
2 
since i t implies COD ~ CGD in the small-scale yielding range, and 
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COD ~ CGD in the large-scale yielding range. The reported numerical 
results for "bend type specimens suggest J ~ l.̂-cr COD for moderately 
hardening materials, where <j is taken to be halfway "between yield 
stress and the ultimate stress. This result appears to he consistent 
with that of Rice and Johnson [̂ 5] who also account for finite geometry 
changes near the crack-tip and use a rigid plastic slip line theory. 
As for tension type cracked specimen, J „ l.a^CQD is suggested. 
(8) From the point of view of finite element analysis of 
in-service situations, the J-integral is unambiguously defined and 
can he calculated routinely, even though it may be somewhat of an 
abstract quantity. On the other hand, even though it is a physically 
appealing quantity, COD is ambiguous in it's definition. Attempts to 
correlate the various calibration definitions of COD (from CGD) for the 
test specimens with essentially near-tip quantities such as, the crack 
opening at points where the elastic-plastic boundary intersects the 
crack-profile near the crack-tip did not lead us to any rational con-
clusions. 
(9) Since the J-integral and COD approaches to elastic-plastic 
fracture were both based on a model which allowed large-scale yielding, 
those approaches provided a considerable advance in the important 
engineering problem of characterizing plane strain fracture toughness 
of materials using inexpensive and small fracture test specimens. The 
large expensive valid ASTM (American Society for Testing Materials) KJp 
specimens would not be necessary. 
(10) A rigorous finite element model of crack propagation, 
involving the translation of entire "singular" near-tip elements and 
consideration of global energy balance, was successfully created. The 
effect of unloading process occurred in the plastic region behind the 
advancing crack-tip was satisfactorily demonstrated. 
(11) The equivalence between the global energy release rate G* 
and crack separation energy rate G^ was proved computationally. Since 
the nodal force extrapolation at the crack-tip was shown geometry 
dependent, G* appears to be a better definition at least when the 
present hybrid displacement finite-element model is employed. 
(12) The variation of normalized G* and J with decreasing values 
of parameter S was first studied for arbitrary hardening material. In 
v. 
large-scale yielding region, the trend of normalized G was inconsistent 
with the prediction made by Rice [76] for non-hardening material. This 
surprising result may be explained by the significant large-scale plas-
ticity effect which was first carried out accurately in this work. 
(13) In the absence of an acceptable fracture criterion associ-
ated with stable crack growth, it is presently not possible to provide 
a complete scheme of stable crack growth without using the extensive 
experimental data. 
(1*0 The hybrid-displacement finite-element procedure was found 
to be advantageous in solving large-scale yield cracked problems with 
strain-hardening material, for the reasons: (i) it allows for the 
Hutchinson-Rice-Rosengren strain/stress singularities to be incorporated 
near the crack-tip and yet satisfy the conditions of Inter-element 
displacement and traction continuities in a rigorous fashion. Thus the 
mathematical convergence of the solution (to this highly nonlinear 
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problem) is assured, (ii) "the conditions of vanishing traction on the 
crack-surface can be satisfied easily, (iii) using the high-order 
isoparametric elements and taking the J-integral path through the 
middle of the elements (rather than through element boundaries) allows 
for a more accurate computation of J, (iv) by using the present defini-
tion of J (as modified for finite deformations), an accurate path-
independence for J was noted even for the path closest to the crack-tip. 
Future Recommendations 
Several feasible extensions of this work which are recommended 
for future investigations are summarized as follows: 
(1) In many situations, the crack follows a curved path and the 
influence of Mode II fracture is not always negligible. The current 
theory of fracture in this work is inadequate in dealing with such a 
practical fracture problem. Consequently, the failure behaviors of the 
general damaged structures should be solved based on mixed-mode fracture 
theories . Though there was no study made on the solution of Mode II 
fracture, with some effort, the sophisticated finite-element procedure 
developed in this work can be extended to deal with two-dimensional, 
elastic-plastic, mixed-mode fracture problems. 
(2) The present method can also be extended, with some modifica-
tions, to three-dimensional elastic-plastic fracture problems, which 
provides a more realistic fracture criterion in practical problems when-
ever two-dimensional fracture analysis is no longer valid. To do this, 
•*The term "mixed-mode" is used herein to refer to the mixed 
Model I and Mode II. 
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due to the "big "bandwidth of the merged stiffness matrix, further 
compacting of the storage of merged stiffness matrix is needed to reduce 
the required capacity of the computer central memory core. 
(3) The present formulation of the large scale yielding problem 
can "be applied to study the phenomenon of fatigue crack closure [82,83]. 
The determination of the crack closure stress is a necessary step in the 
understanding of fatigue crack-growth mechanism. 
(h) Based on the present achievement, a complete scheme of 
stable crack growth can "be readily made once an acceptable stable crack 
growth fracture criterion is established. 
APPENDIX A 
BASIC MODES OF CRACK EXTENSION 
Irwin [8l] first pointed out that in a solid there are three 
kinematically admissible crack extension modes shown in Figure 2. 
These modes, opening, sliding, and tearing, can "be proper superposed 
to obtain any crack. 
The three modes of cracking can he described as follows [Ml-]: 
Mode I (Opening Mode) 
The displacements of the crack surfaces are perpendicular to 
the plane of the crack. 
Mode II (Sliding Mode) 
The displacements of the crack surfaces are in the plane of the 
crack and perpendicular to the leading edge of the crack. 
Mode III (Tearing Mode) 
Crack surface displacements are In the plane of the crack and 
parallel to the leading edge of the crack. 
APPENDIX B 
FLOW CHART OF CRACK GROWTH ANALYSIS 
BY FINITE ELEMEOT PROCEDURE 
Construct Stiffness Matrix with Singularity Power n=l 
Solve the First Increment as Elastic State 
Incrementally Load 
Construct Stiffness Matrix with Arbitrary Singularity Power n 
Calculate Displacements, Green Strains, and True Stresses, etc. at 
the Current Elastic-Plastic State and Keep in Tape. 
Load the Equilibrium Check 
Calculate the "Equilibrium Check" Due to Won-Equilibrium 
Yes 
Add the "Equilibrium Check" 





Shift Singular Elements and Rearrange Surrounding Mesh 
Interpolate Necessary Field Data Into the New Mesh System 
Reconstruct Stiffness Matrix for the New Mesh System 
with Arbitrary Singularity Power n 
Calculate All Field Data at the Current State 
and Keep in Tape 
Load the Residual Force 
Calculate the Residual Force Due to Interpolation 
No 
Yes 
Release the Crack-tip Node 
Reconstruct Stiffness Matrix with Singularity Power n 
Calculate All Field Data and Keep in Tape 
Load the Residual Force 
Calculate the Residual Force Due to Unloading 
Yes 




SOME DETAILS OF THE SOLUTION PROCEDURE 
Gaussian Quadrature Numerical Integration 
To perform finite element analysis the matrices defining element 
properties, e.g., stiffness, etc., must be carried out. To do this, 
the numerical evaluation required is generally the integration of 
functions which are of the form (e.g., in two-dimension) 
-1 1 
1 = 1 / f(s,t) dsdt (l) 
where f(s,t) is the function to be integrated. It Is noted that the 
determinant of the Jacobian matrix [J], as shown in Chapter V, has been 
included in the function f(s,t). 
While the limits of the integration are simple In Equation (l), 
unfortunately the explicit form of f(s,t) is not. Thus, analytical 
integration sometimes becomes difficult and numerical quadrature 
formulae pose the best approach to solving the problem of evaluation of 
integrals in finite element analysis. 
Here, the Gaussian quadrature formulae are used because of their 
high efficiency. They can approximate the integration very accurately 
with comparatively small number of points and value of functions 
associated with these points. By using a Gaussian five-point formula, 
the integral of (l) can be numerically evaluated as follows [66~\i 
1 1 5 5 
/ / f(s,t)dsdt = £ £ W. W. f(s.,t.) 
i -1 i -1 i=l ,1=1 
where W. and ¥. are the weighting coefficients. f(s.,t.) is the value 
of the function at specified abscissas s. and t.. Thus the total number 
i J 
of Gaussian points for area integral would be 25. 
Obviously, for a line integral, one has 
/ 
1 5 
f(t)dt = ]T v ± f(t.) 
-1 i=l 
Thus, the total number of Gaussian points for line integral would be 5-
The values of the abscissas and weighting coefficients are given below; 
s.(t.) ¥. 
1 X l ' 2 
1 -0.90617 98^59 3866 0.23692 68850 5619 
2 -0.53846 93101 0568 0.47862 8670*1- 9937 
3 0.00000 00000 0000 0.56888 88888 8889 
4 0.53846 93101 0568 0.47862 86704 9937 
5 O.90617 98459 3866 0.23692 68850 5619 
Numerical Integration Including Singularity 
In order to obtain the element stiffness matrix for the singular 
* T 
be evaluated. For example, to carry out the matrix [P] in Equation 
- 1 _ 't. 
element, a line integral Involving the stress singularity ~ r must 
( ^ . 2 8 ) , one has 
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[R] T [U] dS 
/ 
/ P ^ f [uR] ds + J p ^ f [us] dS 
+ f pyT pyds + f t*sf cuR] as (2) 
,/dAm JdAm 
Here, [R ] denotes the singular part of assumed "boundary traction inter-
— n-f"l -1 
polation function [R] which contains a r type singularity. [U J 
1 s 
contains an assumed r11 type interior incremental displacements. [Rp] 
and [U ] represent the regular polynomials of [R] and [U] respectively. 
Numerical integration of the first three terms in Equation (2) 
can he evaluated by using a five-point Gaussian quadrature formula. 
Although the last term in Equation (2) can be evaluated through the line 
integration, it was first transformed to a more workable form by removing 
1 
the singularity r n"*"-L thereby yielding a regular integration. For 










r n + 1 [S(e)f [U (r,e)]dr (3) 
where r is the radius of the sector singular element. Introducing a 
transformation 
n+1 
r = t (or t = rn+1) (h) 
dr can he written as 
dr =(^)(r
 n + 1 \it (5) 
and 
" n + 1 ) t o = ( ^ ) a t ^ 
Substituting Equation (6) into Equation (3), it is apparent that the 






(^) [s(e)f pjR(t,e)] dt (T) 
o 
Next, integration with respect to dt can he changed to integration 
with respect to dz with a simplification of the limits of integration 
n 
which now is simply from -1 to +1. Since t: 0 ~ r , and let 









dt = ~~ dz (9) 
2 




o 1 =/" ( ^ V ^ 6 ) ^ r y z > e n ( - V - ) dz (io) 
From Equations (h)9 (5')> (8) and (9) j the transformations between r 
and z are 
n+1 
r n 
r = 2-j (1+ z) 
2 • 2* 
1 
^ a d r = / ^ / _ 2 _ \ ( l + z )
n dz. 
'2 . 2 n 
Thusj Equation (10) can be performed easily by a regular integration 
using a five-point Gaussian quadrature formula. 
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Knee Correction 
For an elastic-plastic finite element analysis once the stress 
point has reached yielding in the structure, it is necessary for the 
computation to proceed without any change except for replacing the 
elastic stress-strain matrix [E] with the updated elastic-plastic 
t 
incremental stress-strain matrix [E] . One can judge the onset of the 
yielding "by the yield condition (3*5): 
f(cr. . - a. .) = 0 
ij ij 
which is governed "by the Ziegler's kinematic hardening rule and the 
Hencky-Mises-Huher yield criterion. 
While a J„ incremental theory is employed as shown in Figure 9> 
a virtual stress increment Aa is applied to the current C state where 
(W) 
the elastic stress point of the structure has stress <j and total 
(N) 
translation Q- . Essentially, the relations between stress and strain 
involve three components of stress and of strain. However, for simplic-
ity, a simple tension, for example, is given in Figure 9 and the essen-
tial quantities are a single stress component <j and the corresponding 
strain component e. Through the use of the elastic stress-strain 
matrix [E], it can he seen that a much higher, but incorrect stress a 
is obtained although the strain is correct one. Thus, to reach the 
true stress in C state denoted "by P, a corrected procedure, the 
IMT-L 
so-called "Knee Correction", is required. 
The scheme of the "Knee Correction" procedure can be explained 
as follows. Assuming that the stress point yields exactly upon adding 
a stress increment rAcr. .} the multiplier r is then given hy-the 
following equation: 
^ * ^ - J ) - ° <-> 
For plane stress case, for example, the explicit form of (ll) is then: 
I (N) (M) A v2 , (H) (N) . s2 (ai " ax + rAax> + (ay " «y + r A<V 
- (-iH) - 4 H ) + ^ x ^ - 4 W ) + ̂ y) 
+ 3(a(N) - *<H> - rAa ) 2 = a2 (12) 
xy xy xyJ y 
where a is the yield stress of the material. Equation (12) can he 
u 
written as: 
Ar2 + Br + C = 0 (13) 
where 
2 2 2 
A = ACT + ACT - ACT ACT + 3ACT 
x y x y ^ xy 
B = 2(ff(H) - aW)Ao + 2(a« - a < * V - (o
(N> - a«)Aa x x x x y y y x x ' y 
, (N) ( N ) N „ ,-, (N) ( I S ) . , 
C = (of - ««)2 + ( a « - *W)
2 - (of) - « f )(of > - ,<*>) 
+ 3 ( o
( W ) - c W ) 2 - o 2 
JV xy u xy ' uy 
Solving Equation (l3)j we obtain: 
r = -B + j £ - kAC (Ik) 
The formula (1*0 i s a lso t rue for plane s t ra in case except using the 
following def in i t ions of A, B and C. For plane s t ra in case: 
A = } (Aa - ACT ) 2 + 3AcP k x y' xy 
B = | ( A a - A a ) [ ( a « . J*)) _ ( o W _„(*))-, 
2 v x y / u v x x ' y y J 
+ 6(a
(N> - c W ) A a 
v xy xy J"uxy 
c = | [(CTW . aW) . ( a W . a W ) ] 2 + 3 ( C T W . ( N ) ) 2 . 2 
4 L V x x ' v y y xy xy ' y 
Applying the Knee Correction since the incremental total strain 
remains the same, we can divide the portion (l-r)Ae. . into several 
appropriate intervals. To obtain a "better correction some finer 
intervals near the "Knee" of the stress-strain curve are given. By 
replacing the constant [E] matrix with the updated [E] matrix, smaller 
slopes and the final answer point p are reached "by steps. It is noted 
that the "Knee Correction" procedure must he taken into account not only 
in a loading process, hut also in an unloading process. 
Loading and Unloading Criteria 
Once yielding is initiated, the plastic flow may or may not 
138 
persist. In general, yielding can occur only if the state of stress 
satisfied the loading function, say, f(o~. ., a. .) = 0 . Where again a. . 
represents the total translation of yield surface and is a measure of 
the degree of strain hardening. If the Increment of f is considered, 
i.e., 
df = ^ - da.. + ^ - da-.. (15) 
da. . IJ da\ ij 
ij ij 
where -r is directed along the outer normal to the loading surface 
da. . 
ij 
f = 0. do\ . is a set of incremental translations which vanish in an 
ij 
unloading process. The unloading process, in the present research, 
happens near the crack-tip region in the study of crack growth stabil-
ity. By Its nature, the stress point will move from a plastic state 
to an elastic state and the stress-strain behaviors will follow the 
same relations in the linear theory of elasticity during unloading. 
These will result in the condition df < 0. Hence, by Equation (15), 
the criterion for unloading from a plastic state can be stipulated as: 
da. . < 0 and f = 0 . 
aa ij 
Otherwise, for a strain hardening material, it is said to be 
loading or neutral loading [67]. Thus, 
da.- > 0 and f = 0 during loading 
da, . ij 
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- da. . = 0 and f = 0 during neutral loading 
da. ij 
ij 
As given in Figure 20, a simple geometric interpretation of 
these criteria is readily visualized. Point P represents the existing 
state of stress lying on the loading surface. Now, loading, unloading, 
or neutral loading take place, according to whether the stress incre-
ment vector is directed outward, inward, or along the tangent to the 
loading surface f = 0. 
Solving the Linear Simultaneous Equation 
In the finite element analysis it is of great importance to 
solve the final equilibrium equation (̂ .36) which is essentially a set 
of linear simultaneous equations yielding high efficiency and good 
accuracy. For the sake of clarity, the set of equations is represented 
by the form: 
[KJ [Aq] = [AF] (16) 
where [K] is the symmetric glohal stiffness matrix of the whole struc-
ture merged from the individual element stiffness matrix, {AF} is the 
load column containing all the applied loads and residual forces associ-
ated with all the nodal points, and {Aq} is the unknown displacement 
column. Various methods solving linear simultaneous equation have "been 
suggested. However, a Gauss elimination procedure, in which an exact 
(within round-off accuracy) solution is olotained, is used in the present 
work "because of its simplicity and economic computational time. 
1̂ -0 
In a Gauss elimination procedure, by multiplying a suitable 
factor the ith (i = 1, ... Nj K = total number of unknown variables 
Aq.) equation can be used to eliminate the unknown variable Aq. in all 
the subsequent equations such that the elements k.. (j = i + 1 ... IT) 
are reduced to zero. This process finally reduces the global stiffness 
matrix [K] to an upper triangular form which, by applying a back-
substitution procedure, yields the solution. 
However, since the order of the stiffness equation is usually 
so high, the traditional procedure needs to be modified with regard 
to the capacity of the computer. One can take, advantage of the symmetry 
of the global stiffness matrix by restricting operations to the upper 
triangular portion. Further, by its very nature, the typical global 
stiffness matrix contains many zero terms; in particular there is a 
distance from the diagonal beyond which no terms exist (See Figure 7)• 
This distance, the so-called "bandwidth", depends on the way the nodal 
points are numbered and is numerically equal to the product of the 
number of degrees of freedom per node and the number which is larger 
by one than the maximum difference of node numbers in an element. 
Hence, in order to save space in the central core of the computer, the 
global stiffness matrix can be stored in a rectangular N x m array as 
is shown in Figure 8. Here, m is the length of the bandwidth. 
In practice, as employed in the present work, the total core 
required at any stage of elimination is 2m x m. After the elimination 
of the top block (a m x m square matrix), the remaining block will be 
shifted up to occupy the position of the eliminated matrix (which now 
lAl 
has been deleted) while another block will take up its relevant position 
in the core accordingly. Similar operations are made for the right 
hand side load column {AF}. The required core for the load column 
[AF] is now 2m x 1. Thus, this process makes it possible to solve an 
unlimited number of equations subject to a maximum bandwidth limita-
tion. 
Displacement - Control Loading Process 
In the application of boundary conditions, the force boundary 
conditions are readily taken care of by inserting the amount of the 
applied loads for the nodal points into the corresponding row of the 
load column. However, to apply the specified displacement boundary 
conditions, to global stiffness matrix together with the load column 
must be modified. 
For a low strain hardening capacity material (and thus a large 
value of power hardening coefficient n), theoretically it provides a 
very smooth load-displacement curve (especially at high load levels). 
In other words, at such load levels a small increment of load may 
correspond to a large displacement. In this case, a better solution 
can be achieved by using the so-called "displacement-control" loading 
process by prescribing the displacements at load points instead of 
adding an Increment of loads at load points. 
To study the crack propagation, which usually occurs at high 
load level, the displacement-control loading process has been employed 
in this dissertation. The overall equilibrium equation (l6) can be 
expressed in an explicit form: 
hi -• h: 
K.-, ... K K. 
il 11 
hi hi 
V A q l 1 i ^ l 
i H 
Aq, — < 
> ^ i | 
J 
A % \ i A^ ] 
(IT) 
Suppose one wants to prescribe the displacement a at the load 
nodal point i. say Aq . = a\ This can be done by setting all of the 
elements in the ith row k. . (j = 1 ... N, j £ l) and the ith column 
-1- J 
k . (m = 1, ... ]\T» m ^ i) of the stiffness matrix equal to zero and by 
modifying AF. = a. The diagonal term K.. is made unity. Thus, 
Equation (lrf) becomes: 
[K]* {Aq} - [API* - cy{B] (18) 
or 
Kll--- ° - K M 
0 ... 1 ... 0 
h 1 .. 0 ... hx 
' Aq± f ^ l 1 l K l i l 
. \ j 
i Aq. > — ' CV . - Qi< 0 1 
• 
• 
• • I 
A % ^ H hi\ 
As discussed in the previous section the global stiffness matrix 
has been ingeniously stored in the rectangular banded form, and there-
fore a corresponding modification must be made. This scheme is dis-
played in Figure l6. The corresponding column [B] of Equation (l8) is 
shown by the shad.ed region if the diagonal term K. . is made zero. 
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